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-Chapter I

Introductory

It is generally admitted to-day that, the earliest people in the Orient who
enjoyed the benefits of the abacus, to say nothing of the Hindoos who only had
access to the blessings of its most primitive type, were the Chinese. ,

However, as to when or how the abacus originated in China, there is no
universally accepted theory, the Han period theory, the Sung period theory, the
Yiian period theory, the Ming period themy and the Ch‘ing period theory being
held by several writers.

1. The Han period theory

Those who hold the Han period theory are ;

a. . Shingen TarEDA 7 [ &S, the author of the Shingen Sampo BITEH: (1844) ;
b.  Goichi Sawapa ¥ E—, the author of the Nippon Sigaku-shi-kowa B 73

BipssE (Discourse on the History of Japanese Mathematics) (1927) ;

c. Shiichird Yosaioxa  MfE—Ep, the author of the Kan-ji to Kan no Soroban

B LB OEM (The Han Ideographs and the Abacus of the Han Dynasty)

 in the Fokyii Stgaku R (The Advanced Mathematics) 7-11 (1936) ;
d. Yoemon Yamazaxr [Li5HEAF5, the present writer, in his Chigoku

Soroban Oboegaki hiX % (Notes on the Chinese Abacus) (1954), also

definitely holds that the Chinese, as early as in the Han period, were already

in the possession of the abacus,
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The ground on which the advocates of the Han theory stand is the account
in the Shu-shu-chi-i Y0

This work was compiled toward the end of the Han period by Hst Yo #%:5&
and annotated by Crfn Luan Z{# of the Latter Chou period. Hst Yo is said to
have studied calendars under Liv Hung #ji#: during the reign of Emperor Line-ti
7 (168-188) of the Han dynasty. The text of this book offers the following
passage as the answer of Master Tien-mu X H when Liv Hung visited him and
inquired of him as to the subject of mathematics.

SRAEE, BE AN, AL, s, SEEEmeE, ;E HH, ﬁ-‘j‘l H—mgk,
H—=7F, H—HT, H—#, E—nE, E—BE, X—T&, Xl i,
K, KR, K—FH

My master said ““ As for the methods which Lz Shou Zig expounded, they are
so many that I have forgotten them. I now remember only a few. One of
‘them is T‘ai-i X7, ; one of them, Liang-i Fif§ ; one of them, San-ts‘ai =¥ ; one
of them, Wu-hsing 74T ; one of them, -Pa-kua j{# ; one of them, Chiu-kung
JuE ; one of them, Yim-suan E% ; one of them, Liao-chih T4y ; one of them,
Chéng-shu g ; one of them, Pa-t‘ou #25g ; one of them, Kuei-suan & ; one
of them, Chu-suan gk# (abacus calculation) ; and one of them Chi-suan £}%.”
Thus he mentions 14 methods of calculation. Among them is one entitled Chu-
suan Bk (abacus calculation) and the Notes on the text alone reads ¥/, #%
VUEE, & =F (Abacus calculation controls all four seasons and covers the three
orders—heaven, earth and men.)

'This would make it impossible to understand the construction of the cal-
culative instrument. But Cmfn Luan &’iﬁgﬁ comments on it as follows :—
AER=5, B ET20, BUEdEk, TE—2, EEM, AT, E—BRETHS
&, KGR (), XTH%, I}T‘L%“— ETUSRATH, SmEfmry, Hik
BRR=FHeH, MEiEE=0
““A .wooden board is carved into three compartments ; the two compartments,
the top and the bottom contain mobile beads, and the middle compartment is
used for determining the order of the numbers. Five beads can be put in each
column ; the beads in the top compartment and those in the bottom compart-
ment are differently colored. The top bead differently colored designates five
and each bead in the bottom represents one. The middle compartment is full
when occupied by four beads which represent one. Ience the expression
ZeRs—literally, to control all four seasons. And the mobile beads are
placed in the middle of the three compartments ; hence the expression E4&=F
—literally, to cover the three orders—heaven, earth and man.”

From this explanation in the book, an abacus of a proto-type of the present-
day abacus is observed.
(Note. Crmfn Luan B, in the middle of the 6th century, annotated Chiu-
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chang JLE, Sun-izii TaF, Wu-ts‘ao T, Chang Chiiu-chien JE 5%, Hsia-hou

Yang FE &, Chou-pi E8E and Wu-ching FiE Shu-shu-chi-i Hstigk. Only

on the strength of these Notes of his, the works came to be first recognized

as authentic writings.)

Should this be accepted without reserve, there could be no doubt whatever
in dating the abacus from the Han period. However, there is a view which
questions the genuineness of the book Shu-shu-chi-i JeFziss.

Dr. Yoshio Mrkamr = kg8, in his Shina-shiss % #5848 (Chinese Thought)
Kagaku, Stigaku, 1934, remarks ““ The text by Hstr Yo & is an extremely
brief one ; and, seeing that the Cufn Luan Bjg goes too far to defend the text,
it might be suspected that CmEn Luan wrote this book under Hst Yo's
name. That Cuéx Luan contributed much toward the defence of Buddhism
is recorded in the Fo-tsu-li-tai-t‘ung-tsai AR (The General History of
Buddhism in China, by Nien-ch‘ang £ in Yiian dynasty). Existence of
such a Buddhist phrase as £sana F[# (moment) in the book would suggest its
relation to Buddhism.”  There exists a theory which rejects the Shu-shu-chi-i as
a counterfeit. However, it would not be much mistaken to date the book some-
where around CrmEN Luan’s time. Even rejected as a counterfeit and a later
work, the work representing various methods of denoting numbers would be
worth serious consideration. '

Dr. Akira Hiravama. (15, in his remarks on Warizan-sho £|%2% (Book on
Division), 1954, says : “ That the book Shu-shu-chi-i $§lFen & itself is riot free from
suspicion.” I here by put on record by reprinting a passage which Mr. Hisashi
Sassa 2« /&, Chief of the Miyagi Prefectural Library, has kindly forwarded me,
~—a passage quoted from under the item Tzt in the Chin-ting-ssit-ku-ch* ian-shu-
chien-ming-mu-lu $REMESEHHABSE —

R (Shu-shu-chi-i, in one volume)
- BAERGEEILEBREDE, BEREE, FYUSEARRSIELMIE, SR
P, SERRME, REERESESE, WEREHS, WK HUEA, Mk
BME—%% )
“ According to the title, the original is by Hst Yo of the Han period, and the"
Notes by Cufin Luan Ej%# of the Pei-Chou JiJF period. The Siui-shu [FE
fails to include it. Statement in its Prefacé contradicts most histories and bio-
graphies so far as the names and times are concerned. Neither do the Notes
offer any original interpretation. It is suspected as a counterfeit book. Even
since the T ang period this book has been included in the lists of the publishers
until the work has assumed this title, probably due to solicitation. At any rate
it has been circulated for such a long time. For this reason, it is recorded here
for the reference of that school.” At the beginning, the book is represented as
the Shu-shu-chi-i #i58E0iE, but most copies extant to-day are entitled ° Shu-shu-
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chi-t Jilisei% °. The statement as to the names and times does not agree with
those given in the histories and biographies. Besides, the Notes do not give any
original interpretation, eithér. So it may be suspected as a counterfeit work.
Among the mathematical works imported into Japan during the Nara ZE
period, an account of the Shu-shu-chi-i #flFgR:% occurs, but the book mentioned
there may not be of the same one as the present. The Ssi-k‘u-ch*tian-shu-tsung-mu
mEsEME dwells at considerable length on proving it as a counterfeit.

In China, the Suan-hsiich-1z‘s-tien 85 (1939) compiled by Tuan Yis-
huo B#F# and Cuou Yian-jui JE55E contains the following passage.

Bl ia—8, SHEEAEE AT, ARSI, EEEEE
mkE, EEBOHE, FEESGE B8NS, NEREHRE, USHARE BE
RREE, STIREREHES

“The Shu-shu-chi-i JHEEEE, com,plete in one volume. The title is chosen by
Hst Yo #{%, and annotated by Crfx Luan B of the Pei-Chou J1J& period,
but Pao Han-chih ffi#%:» of the Sung period includes it in his Ta‘o—tmng SEIR
the Sui-shu-ching-chi-chih [EE24E7% does not cite this book, while both the Chiu-
t‘ang-shu-ching-chi-chih HERFEFEEETE and the T ang-shu-i-wén-chih HFEZ 3 men-
tion this title. The Ssi#-ku-chiian-shu-tsung-mu JHEZRZHE calls it a work by
some T‘ang author, but falsely publishéd under Hst# Yo’s name. It is now
included in the Suan-ching-shik-shu BfE+% . It is thus suspected in China.

On the other hand, Dr. Yoshio Mikaumr = F55% in his Shina Sigaku no Toku-
shoku X P OK; ¢ (Characteristics of Chinese Mathematics), TGy5 Gakuhd
KB, Vol. XV, No. 4, 1926, remarks : “ The method of abacus calculation
represented in the Shu-shu-chi-i #4203 is of the same principle as those practised

in Greece and Rome, and was probably introduced from the West.” Further-
more, Dr. Kinnosuke Ocura /& & B, in his Siagaku-shi Kenkya $i 8515, Pt.
1, (1935), says ““ The view that holds the abacus was first introduced from Rome
to China (subsequently from there to Japan), (though lacking evidential material)
is probably an adequate inference.” Mr. L Yen Z{#, in his Chung-suan-shihi-lun-
ts‘ung PESF#E (A Paper on the History of Chinese Mathematics), Pt. 4
(1955), states :— :
- AESREBANRERTRE S IR, JREIRTAIB R BE, RIEEL, R ERm,
USRS LBEEEH, HRE, TS VT ‘ﬂc%ﬁf\[ﬁﬁj\)ﬁ')ﬁ?"*ﬁ@ﬁ
“Only what Hst Yo #% calls chu-suan gk (bead-calculation) in the Shu-shu-chi-i
WfFEEE is not what Ko Shang-chien 31 indicates as suan-p‘an i (abacus)
For Ko definitely writes &5t (In the beginning of this book is shown
a figure of an abacus). So the time was not much prior to the invention of the
abacus. And what Hst Yo gives in the Shu-shu-chi-i was probably somewhat
similar to one the Westerners used.” , .
The present writer Yoemon Yamazaxi, in my Chigoku Soroban Oboegaki
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g2 (Notes on the Chinese Abacus), writes as follows : ““ In view of the
fact that the abacus appeared 30 or 40 centuries B.c. in an early civilized com-
munity in Mesopotamia, and introduced through ancient civilized countries
such as Egypt, Greece and Rome, it enjoyed extensive use in the various me-
diaeval countries, the view that holds that China was the sole inventor of the
abacus could not be accepted unconditionally.

 Studying the construction. of the abacus represented in the said:Shu-shu-
chi-i Al E0iE, this writer is convinced that the Chinese abacus was either intro-
duced from Rome or was closely related with the Roman.

¢ It is said that the introduction of the abacus to China dates from the Han
period.. I wish to explain here my position based on these two points of view ”’
Isaid, “ In the closest correlation of the economic structure which is the founda-
tion of society, the ideoclogy built upon this fouhdation, and the skill which is the
bulwark of industrial production which constitutes the nucleus of the economic
construction of community, how the abacus grew and developed through the
respective historic periods and what was the type of development it assumed—
from these points of view I have conducted my investigation, and have come to
the following conclusion. The grooved Roman abacus was first introduced to
China, and then, after much remodelling in Oriental fashion, to Japan. The
abacus imported.to China from Rome was extremely crude and much credit is
due to the Chinese people who remodelled the simple abacus into the Chinese
style abacus—the direct' mother type of the Japanese abacus. I would by no
means grudge due praise to their meritorious achievement.” This summarizes

what I then said in‘my * Notes on the Chinese Abacus.”

2. The Sung period theory
Those who favor this theory are :

a. Tsune Hosuino Z8FIE : Soroban no Denrai Az D%z (The Introduction
of the Abacus), 1893, Shigaku Zasshi w8k 4-44.

b. Yoshio Mixamt = F355% ; Kuku ni isukite FuFuic it & T (On the Reckoning-
Rhymes), 1921, Toyo- Gakuhi BEPEELR, 11~1j Shina Sigaku no Tokushoku
THEE O (The Characteristics of Chinese Mathematics), Toys Gaku-
ho a8, 154 Tozai Sugaku-shi R EE (History of Mathematics
in the East and West).

c. D. E. Svrra : History of Mathematics, 1925,

d. CHIEN Pao-ts‘ung #8555 © Ku-suan-k‘ao-yiian {5EER (Study of Ancient
Mathematlcs), 1930.

e. Fusakichi OrizaraA #EEE : Soroban no Enlcaku Z AT ADRE (De-
velopment of the Abacus). Chagai Shigya Shimps v 452574 (Commercial
Daily News) March 15 and 17, 1931, issues.
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f.  Sasaki Enpo e« Soroban Raireki-ké BigAEE, RfEE (Study of
the Introduction of the Abacus, and Supplement.) 1931-36, Shigaku 5
&, June, 1931 ; July 1936.

"The foundation of the Sung period theory consists in the following facts :—

(i) 1In the Suan-hsiieh-yiian-liv EEAIE (Origin of Mathematics) in the Suan-
Ja-tung-tsung Bgk#iss (Preface, 1592) by Cu‘fnc Ta-i (Sst-fu) fEAAL(BHE)
are mentioned the titles of the mathematical hooks previous to this book ;
and among those published since Yian-féng 5w (1078-1085), Shao-hsing
e (1131-1162), and Ch‘un-hsi 7ZEE (1178-1189) in Sung dynasty, there
occur such titles as Pan-chu-chi #gks and Tsou-p'an-chi £z, Therefore,
the book is considered to represent the time of the appearance of the abacus
by (a) and (b) among others. »

(ii) Under the item Suan-fa-t‘ung-tsung Bz in the Ssu-ku-chian-shu-
tsung-mu [HEZELME (Bk. 101) this passage oceurs —

W4, HABRENE IIEEAL, RTRESEE, MO ERTTR
BI%, AERAZREFEC BB R, BRERETRRES

“The name chu-suan & —abacus mathematics—is for the first time intro-
duced, with the notes by Crfn Luan Chou-pi Bi/E##. According to it,
the system already existed in the North-Ch‘i 417 period. However, it was
considerably different from the modern. - Mzr Weén-ting #gr i says it first
rose in the earlier days of the Ming period. He did not know the existence
of the San-chu-hsi-yiti =gkEiZE and the existence of the Suan-p‘an-chu &
% (Abacus beads). The practice became extremely popular in the Sung
period.” Some stand on this ground ; (a) for instance.

(iii) On account of the explanatory notes on the words Chung, suan-p‘an-
chih-chung %> (Centre of the abacus) used in the Suan-ching B by
Hsien Chfa-wel gf554% of the Sung period, sorne ascribe the abacus to the
Sung' period ; (a) for instance.

(iv) Those who do so on account of the appearance of the Kuei-ch‘u-ko-
chiieh ¥k (Division-Rhymes) ; for instance, (e), though he assigns it
to the end of the Sung period or at the beginning of the Ming period, or

(v) Those who hold that the Chinese abacus was invented probably by
-adopting the Hindoo-style abacus and adjusting it, referring to the abacus
of the Han period. (f) though he puts it at the end of the Sung period or
the beginning of the Yiian period. ‘ _

(vi) Switm says: “No literature definitely describing an abacus previous to
1175 is found.” 1t is not clear whether he estimated 1175 from (i). As
to the expression San-chu-hsi-yii =gk under (ii) refers to the following
passage under the item Ching-chu ## in the Cho-kéng-lu ¥5k4% (Bk. 29),
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by T‘ao Tsung-i (Nan-ts‘un) fgs2 (Fg4t) of the last days of the Yiian
period. _
FUAEEE, PGSR, TEEE, MABBRSRE SBAE, SARG
B, B BRI, BB ’
“When a maid or a man-servant newly hired comes for the first time,
she is called °lei-p‘an-chu &M%k ’—a mortar bead. When ordered,
she works of her own accord without being beaten. After a while, she is
called ‘suan-p‘an-chu %k ’—an abacus bead. Only when ordered
and beaten, she will work. After a long while, she is called fo-ting-chu
#BIEER *—a sour face bead. When ordered, she will stand idle all day
long and even when beaten, she will not work. - Though somewhat vulgar
figures, these may serve to explain the situation realistically.”
This being a book written in the last days of the Yiian period, it does not
prove the existence of the expression ‘‘ San-chu-hsi-yii” in the Sung
period which preceded the Yiian.

Dr. Mirawi, in his * Soroban no Gogen ni kansuru Shin-setsu no Hihan ¥ =
AU OFERICET 23t O#4) (Criticism of the New Theory concerning the
Etymology of the Abacus) *, Tokyo Butsuri Gakki Lasshi B Yy e i
7%, No. 541, 542, 1936, says: ‘I have roughly read through the whole ‘
work in 30 Bks., but have not been able to find the term Tsou-p‘an-chu
MR

3. The Yiian period theory

a. Cuien Ta-hsin g&KRWT: Shih- c/zm ch'e yang-}zsm I IR (Preface,
1799). ,

b. Tosato Konpo FEE : Sugaku Yawa P#zgsf (Nightly Talks on
Mathematics), 1751. _ :

c. Ujikazu Furukawa I K—: Sanwa Juikitsu BE55E% (Stories on Math-
ematics). A

d. Tomoklyo OvAMADA /] [33;&1?% Matsu-no-ya Hikki }3E%&E (Notes of
Matsu-no-ya) (1783-1847).

e. Seijitsu SATO #EFERRE : Kokushi Daz-jzten B kgidy (Dictionary of Japa-

" nese History), 1908. .

f. Keinosuke Taxar E#Ht2 8 : Soroban Latsuwa Eiggst (Chat on the
Abacus). Tokys Koen-Doks-kai Kaihi RRsEERTer &% No. 267, Oct.
15, 1931. ‘

g. Kunizd ArivoTo #74Fi 1 Shina ni okeru Shuzan no Kigen ZECIANT B
BEo#R (Origin of Abacus Mathematics in China). Yamaguchi Koshs Toa-
Keizai Kenkyu | OB RG R RS 15-3.

h. Kiyoshi Yasvvcnh: #piE @ Shina Sigaku-shi 338585 (History of Chi-
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nese Mathematics), 1944.

i Matsusaburd Fuprwara FER#R=ER: Nihon Siagaku Shiys BZHEhEE

(Outline of Japanese Mathematics), 1952.

jo Akira HiravAMA F\L% 1 Warizan-sho Kaisetsu S| (Exposition of

Division Books), 1952. '

The above are principal works on the subject.

As for the foundation of the theory :—

i Some argue from the aforesaid term suan-p‘an-chu Z#gk represented
in the Cho-kéng-lu H#ks% 1366 ; for instance, a, d, e, g, i,:

ii Men (like j) contend from the Kuei-ch‘u-ko-chiich BREEr (Division-
Rhymes) in the Suan-hsiieh-chi-méng #i8ipkz 1299, and Fei-kuei e
(Special division-rhymes for 2 place numbers), in the Shou-shih-li-chich-
JSa-li-ch'éng {SREEHEEEST R, 1298,

The view of b, ¢, f, and h are only too vague. Among these, ¢ and
{ assign it to the last part of the Yitan period and the beginning of the
Ming period ; as stated previously, CulEN Pao-tsung £%%5E: places it
between the Sung and Yiian periods; Fusakichi Orrmara #EE=
and Sasaki ENDG jEREf: 4= who contend for the last part of the Sung
dynasty and the beginning of the Yiian are here classified for convenience’
sake, under the Sung period theory.
4. The Ming period theory
MEer Weén-ting #5308 @ Ku-suan-ch'i-k‘ao #8583 (Study of Ancient Calcu-
lating Contrivances) (1693) stands for this, saying as follows :
RAS RERBERMAR, BEERCEENE RKRUBREZERNE, My, B
RGBS, WERBITRLMTH, RABLENROETE SRS, %
NEZHE, HEERE, EESESERERE HEA TENMAERELAE E %
“As to when the Chu-p‘an k# (abacus) which we now use came into being, it
is regrettable that all the ancient records being scattered and lost, no definite
evidence is to be found. The present writer MEr Weén-ting is of the opinion that
it originated only in the earliest days of the Ming period. Why is this known?
Because the Kuei-ch‘u-ko-chiieh #k#kst (the Division-Rhymes) is the sirﬁplest
and cleverest invention upon which chu-p‘an g#% operations depend. However,
the division rhymes given in the Chiu-chang-hsiang-chu-pi-lei J, 285k AR are too
long and difficult. Those created at this time retain the same substance, but
have been refined and simplified by posterity. The author of this book is
Wu Ching (Hsin-min) 544 (f£E) of Chien-t‘ang £%4#. Ifthe book could be dated,
he believes, the introduction of the abacus could not be very far from it.”
Thus he identifies the appearance of the Kuei-ch‘u-ko-chiieh 4 5zt with that
of the abacus. However, as fully discussed later, it is admitted that the oldest kuei-
chu-ko-chtieh had been printed about the 11th or 12th century in the Chih-nan-
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suan-fa ¥gEEEY: therefore, if MEer Wén-ting’s method of argument be followed,
the origin of the abacus should have to go back as far as that.

As has been roughly discussed in the foregoing, as to the advent of the abacus,
the newest date assigned is the Ming period, the rest being the Han, Sung and
Ytian period theories. Of all these theories, the most important issues are :—

a. Should the appearance of the Kuei-ch‘u-ko-chiieh [fig@s: (Division-
Rhymes) be considered the origin of the abacus?

b.  Should my view based on the resemblance between the Roman abacus
and the one represented in the Shu-shu-chi-i 3§fl§itis be confirmed in the
point of calculation? : : ‘

c. Did the Péan-chu-chi #%k and the Tsou-pan-chi FARLE really represent
the abacus books? Can these books be identified with the origin of the
abacus? ‘ '

d. Isit adequate to suppose the advent of the abacus as substitute for calcu-

 lation-blocks? In th present paper, I desire to analyse these items chiefly
from the she standpoint of calculation meéhods, and thereby surmise the
date of the advent of the abacus in China. For this reason, the terms
empolyed for the abacus given in the Suan-ching %#¢ by Hstgm Cha-wei

Ztga of the Sung period, the poem on the abacus in the writings of Master

Ching-hsiu ##Hgse4, 1270, - and the San-chu-hsi-yii =gkg;sE in the Cho-

‘/ce‘ng—lu T#hs% 1366, should better be utilized as material for demonstrating

the conditions of its diffusion rather than its origin. This being the case,

I have discussed them here only briefly. :

Chapter 1T

The Theory of Identifying the Advent of the Kuei-ch‘u-
ko-chiich B[4k sk with that of the Abacus

: This view of identifying the date of the advent of the Kuei-ch‘u-ko-chiich
[EBRTER: with that of the advent of the abacus came into being as the advocates
considered the following facts ;— ‘
a. That, since the middle of the Ming period the abacus, replacing the
previous use of calculation-blocks, was rapidly and extensively used ;
b. That for a long time since then, the abacus was extensively used as a
common calculating contrivance ;
c. That it seemed, consequently, as if the Kuei-chu-ko-chiieh-method bRk
—that of calculating by reciting the division-rhymes—were the sole division
method for the abacus ;
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d. That the Kuei-ch‘u-ko-chiich method f#Bk#: suits the abacus so perfectly
that it was thought to have been. invented for the abacus ;

e. That, as the abacus with two beads above the bar, each of which represent-
ing 5, is indispensable to the Chung-kuei-fa $&j#1s. For example: 13+18 ;
24+29. ;

In such cases where the top numbers of the divisor and the dividend
are similar and the divisor is greater than the dividend, a special set of divi-
sion-rhymes were adopted to obtain the quotient. An example is Chien-i-wu-
t‘ou-tso-chiu-i B—#&FR/E/L— (See-one-no-head-make-nine-add-one-down).

This was called the Ch‘ung-kuei #& method.

The abacus is in closest relations with the Kuei-chu-fa s (division-
rhymes). :

As calculations conducted by means.of suan-mu 7 (Reckoning-blocks)
were considered those to be conducted by the method represented in the
Sun-tzii-suan-ching ¥ EfE which is to be discussed later, the kuei-ch‘u
division rhymes were invented over against such inconvenient calculations,
and the abacus was contrived in order to be applied to the reckoning-rhymes
and thereby it replaced the calculating-blocks.

Now, Dr. Mixamr in his “ Characteristics of Ghinese Mathematics”, criticizes
this as follows :—° The use of the abacus in China must surely have dated from
after the Shu-shu-chi-i. The date is not clear, but it probably dates from the
Sung period. From the fact that some mathematical books written during the
Yiian and Ming periods carry division-rhymes, MEr Wén-ting of the Ch‘ing period,
argues that abacus calculation was practised at that time. This would sound
quite reasonable, but even in block-calculations the division rhymes might be
used. And where division is explained by the use of the division rhymes, some
may be considered to refer to block-calculation instead of abacus calculation.
Therefore, Mer Weén-ting’s view should not be relied upon as the only theory ;
however, there being some other evidence, it may be said that the abacus most
probably dates approximately from the Sung and Yian periods.”

In the following, I also desire throughly to analyse this theory as to (a)
how the Kuei-ch‘u-fa came into being and (b) how it was developed and to
prove the inadequacy of indentifying the advent of the Kuei-ch‘u-ko-chiieh with
the date of that of the abacus.

1. The ancient calculative methods. (The division method prior to the Kuei-

ch‘u-fa Bk ; division accompanied by division-rhymes)

In investigating how the Kuei-ch‘u-fa came into being, it would be neces-
sary, first of all, to find out what sort of calculative methods had existed prior
to the advent of the Kuei-ch‘u-fa. .

The oldest Chinese book that records the calculative method of multiplica-
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tion is the Sun-izi-suan-ching $F%#E. It is not clear whether the author, Sun-
tzli, was a man after the Han period, after the Emperor Ming-ti B§#% of the Han
dynasty. But it seems that this book existed in the last part of the Three King-
dom period (approximately, the middle of the 3rd century).

"The book describes the method by the use of calculative blocks, and may
- be diagrammed as follows : -

The method of Multiplication :
As for, 327 x6=1962—

L. :
(Top row) 327 Put 327 in the top row and 6 in the
(Middle row) bottom. Move up 6 in the bottom to
(Bottom row) 6 the place of hundreds in the top place.

2. _
(Top row) 327 - Multiply 3 in the top row by 6 in the bot-
(Middle row) 18 “tom, and put 18 the result in the middle.
(Bottom row) 6 “ Strike out 3 in the top and move down

6 in the bottom by one place.

3. -
(Top row) 97 Multiply 2 in the top row by 6 in the bot-
(Middie row) 192 tom, but 12 the result in the middle row ;
(Bottom row) 6 strike out 2 in the top and move down

6 in the bottom by one place.

4.
(Top row) 7 Multiply 7 in the top by 6 in the bottom,
(Middle row) 1962 put 42 the result, and strike out 7 in the
(Bottom row) 6 bottom.

5.
(Top row) .- 1962 the result is obtained.

(Middle row) = 1962

(Bottom row)

The method of division :

As for 6561--9="729

1.
(Top row) Put 6561 in the middle row and 9 in the
(Middle row) 6561 bottom ; move up 9 in the bottom to the

(Bottom row) 9 place of thousands in the middle; as 9
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cannot be obtained in 6, move down 9
in the bottom by one place to the place
for hundreds.

2.
(Top row) -7 Put the quotient 7 in the top, subtract
(Middle row) 6561 from the middle 63, the product of 7 in
(Bottom. row) 9 the top and 9 in the bottom and 9 move
down by one place.
3.
(Top row) 72 Put the quotient 2 in the top, subtract
(Middle row) = 261 from the middle 18 the product of 2 in
(Bottom. row) 9 the top and 9 in the bottom and move
down by one place 9 in the bottom.
4,
(Top row) 729 Put 9 the quotient in the top, and sub-
(Middle row) 81 tract from the middle 81 the product of
(Bottonx. row) 9 9 in the top 9 in the bottom.
5.
(Top row) 729 Strike out 9 in the bottom, and you will
(Middle row) obtain 729 the quotient in the top.

(Bottom. row)

As to the arrangement of reckoning-blocks. The blocks represented
* numerals as follows: |, I, I, WL, WL 7> T T (1,2, 3, 4, 5, 6, 7, 8,
9.). One-place mumbers and hundreds were represented by blocks vertically
arranged, while tens and thousands were represented by blocks horizontally
arranged. Therefore, — || = ||| stood for 1234.

Over against this calculative method of putting the dividend, divisor,
quotient (or product) in the three column the top, middle and bottom, simplifica-
tion of this method was soon to follow. It is found in the Hsia-hou-yang-suan-

ching B BEREERE.

2. Simplificationn of calculations

The Suan-cheng ZHE by Hsia-nou Yang EER is said to date from the
South-North dynasty period (439-589). Dr. Mixawr is of the opinion that itisa
work later than 535, while L1 Yen Z5{f believes that Han Yen #4E of the last part
of the 6th century introduced it, that he adapted his own theory to it and that
the Introduction is by himself.



The Origin of the Chinese Abacus

 Of the Ming-chéng-ch‘u-fa BiEx#: (Explanations of multiplicatidn amﬂ
sion methods of the Ming period in the Hsia-hou-yang-suan-ching, First Volume,
gives calculative methods similar to those introduced in the Sun-tzs-suan-ching %
Fafe. Explanations for some exercise questions in the Middle and Last Volume
deserve notice.

As for 12,639,673 x1.02=128,992,466.46—

Direction says: Skip one place and add 2 and the result will be obtained)

12,639,673 412,639,673 x 0.02

To illustrate this point more simply :

For example: 7x13—
(1) Put down 7.
(2) From 13, the multiplicand, 10 is taken off, and T 7

3 and 7 are multiplied and 21 is obtained. , = || +2l

This opration is called *“adding 3 or “ attaching 3.” —ﬁ_] 9l

As for 34,645,734 x0.9=3,118,116.6— '

Another direction: Or, by subtracting 1 from the bottom, the result
may be obtained.”To subtract from the bottom means subtracting the multiplier
%0.1 from the bottom of the multiplicand, or subtracting from the first place
of the multiplicand multiplied by 10 the multiplier X1. This is a method of
multiplication adopted when the multiplier is 8 or 9, so near the number 10.
It is called the Sun-chéng #§3 method. ‘

(3,464,573.4—3,464,573.4x0.1)

To simplify this point further :

For example: 8X9—

(1) Put down 8 80
(2) Multiply 1, the supplementary number of 9 for
10, by 8 -8
Subtract 1 from the bottom 72
1x8=8

As for 43,675.2+1.2=36,396—

Direction : First put the original number, halve and divide it by 6.
(43,675.2+2--0.6)

Another direction : Subtract 2 from outside itself.
43,675.2=36,396x 1.2

Therefore :
(43,675.2—36,396 % 0.2)

As for 3,456-+1.2=2880—

Direction : Subtract 2.
3,456=2,880x1.2 it
3,456—2,880x 0.2 :
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To simplify this further :

As for 24-+12—

(1) Put down 24.

(2) Subtract from the next place 4,—the result of =l | 24
multiplying 2, left over by subtracting 10 from 12, - = 4
by 2, the number of the top place.— =0 2

As for 13,463,512 1.8=24,234,321.6 :
Direction : Attach 8 from the bottom
(18,463,512+13,463,512x 0.8)
As for '
34,645,734 x0.9=3,118,116.6—
Another ‘direction : Subtract 1 from the bottom and you will obtain the
same result.
3,464,573.4—3,464,573.4x0.1)
As for
43,675.2+1.2=36,396—
Direction : First put the original number, halve and divide it by 6.
As for ]
43,675.2+1.2=36,396—
Another direction : Subtract 2 from outside itself.
(43,675.2—36,396 X 0.2)
As for
3,463,335x 35=121,216,725—
Direction : Multiply it by 5 and 7.
(3,463,335 X 5% 7) '
Another direction : Multiply it by 7 and then halve it, and you will get
the same result.
Thus (3,463,335 x 70+-2)
As for
3,463.5 x42=145,467—
Direction : Multiply it by 6 and 7.
Thus (3,463.5x6x7)
As for
13,465.43x135=1,817,833.05—
Direction : Multiply it by 3 and 9, and by halving it, you will get the
result. v
Thus (13,465.43x30%x9-+2)
Another direction : Multiply it by 9 and then by 5, and you will get the
same result.
Thus (13,465.43x9x 15)
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As for
" 56,473.5x5—

Direction : Multiply it by 5 from the bottom, and you will get the result.

This method shows a marked change in the calculative method, against
putting the product or quotient in the position of the dividend, over against the
previous method, as shown in Section 1, of putting the dividend, divisor, and
quotient in three positions.

This method is what is called Chung-yin #X (double division) in the Yang-
hui-suan-fa 3E3EEY:, 1274, which tries to analyse a divisor of many places into
those of a single place and thereby to simplify the calculative method.

From the above exercises, it is evident that in multiplication of a single order
‘ divisor, multiplication is operated beginning with the top (number) of the divi-
dend. But this is not the only set rule.

This shows that, by this time, in multiplication of one place divisor, the
ancient three-row calculative method has been replaced by that of operating by
turning the dividend into the product.

The following passage occurs in the Suan-fa-t‘ung-pien-pén-mo HiLES
Z3% Vol. 1, 1274, by Yanc Hui £}# ‘

BE, BEH, BROUSE, BRESMCSE #LIRE SHEs, SmsEY
“ When the multiplier is of a single place, the method says: Put down the
multiplicand as the quotient, memorize the multiplier, start multiplying from
the top ; when shik -} (tens) is called, put it above itself and when ju 41 (itself)
is called, change it in itself.” In case the multiplier is of a single place, do not
put it down, but commit it to memory, and the multiplicand is turned into the
product. Probably this is a method also adopted by Hsia-mou Yang HE{x[;.

Now comes division of a single place number. In ancient mathematical
- works such as the Chiu-chang-suan-shu JLEEE5, Sun-tzi-suan-ching FRFHEHE and
Wu-ts‘ao-suan-ching T8 & #s is found the phrase ““ pan-chih ” 4277 (to halve this).
calculative method of halving a number probably implied fialving off-hand a
number put down. ‘

Thus, in division, in the case of a single-place divisor, calculative simplifi-
cation was practised only by halving.

However, the introduction of a calculative simplification in case of a single-
place multiplier inevitably gave rise to a calculative simplification in division
also. :

As to culculative simplification in division, the Méng-ch'i-p'i-tan ZREHR

by Cu‘en Kua ybfE (1030-1094) of the North-Sung period, says : '
- EmEM, dck—, LEE, BE, BERCEETER B, MEMIRR—IEFREILMNE, A0
TR, & EHBREWE, BosikER—EE, JREETER

« Arithmetic is divided into a number of branches. Ch‘iu-i sk—, Shang-chi,
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LR, T a-yin #&, and Chung-yin %X are all branches of multiplication and
* division. In my view, however, the Tséng-ch‘éng-i-fa ¥pk—#k is somewhat dif-
ferent ; it has nothing to do with multiplication or division. It deals with the
shortage of a number and supplements it. For example, to divide by 9, 1 is ad-
ded ; todivide 8, 2 is added.”

For example :

10+8
10 1%x2 is added
+2
12
+4 2x2 1s added
124
+8 2x4 is added
1248
-8 8 is subtracted
+10 10 is added
125

Then it says: HERBLE, RMEE, RS, NBE—%TySEN®
“One must not grudge taking the trouble of learning mathematics. When a
method is simple enough, adopt it. When a method is too complicated, simplify
it. If one is not glued to one particular method, one may be versed in it.”

This shows that it developed from the Tséng-ch‘éng-i-fa H#ypk—#: Kuei-i-
ch‘u-fa fF—B&i#k of later days to the Chiu-kuei-fa J gk (Division by one-figure
numbers accompanied by division-rhymes).

3. Advent of the Chiu-kuei-fa g5

The origin of the Chiu-kuei fu% method is not definitely known, no ac-
curate source being accessible. However, the Suan-fa-t‘ung-pien-pén-mo &
T4k, the First Volume, (1274) by Yanc Hui 455 says

REE, FMENHTE - B BBESE BRARHD, o5, FTERHE . mEom

SlMifz, HHRmEds, RREWRECR LI, FREEEEUM R - U - R—,

FRIE, BEEERRTL
¢ According to the mathematical books by various writers, calculation is limited
to the following three methods: multiplication, division, and extraction of
roots. Chi-li #4] is limited to the use of the two letters Ju fmand shik 4. Block-
arrangement is limited to horizontality and verticality. If extended, it would
know almost no limit in inventions. Multiplication and division, originally,
aimed at reaching for the depth and thorough study of the distant. The Chik-
nan-suan-fa ¥aRg ¥ describes addition, subtraction, chiu-kuei JuiE and chfiud sk
— and also aims at mastering methods simpler than these. How can a student
neglect combined mastery of all these methods? ”
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Though the mathematical works by various authors refer only to the method
of Ch‘éng-ch‘u-k‘ai-fa SE&xEIE: (In this case chiu f& refers to Shang-ch‘u p§E&),
the book points out that the Chifi-nan-suan-fa $585E#: alone describes the me-
thods of chia-chien jnjg, chiu-kuei Juf5, chiu-i k— and point out that there was
a method of simplification. 1In this case, chia fij (addition) and chien J5 (sub-
traction) refer to Shén-wai-chia-fa F4}jn#: (addition from outside itself), and
Shén-wai-chien-fa 543 (subtraction from outside itself).

According to Yane Hui &, therefore, the oldest mathematical work that
records the chiu-kuei JLiF method is the Chik-nan-suan-fa fee5%%. Though
this book has been lost sight of since, an account which would enable us to
infer the date of the publication of this book is found under the item Suan-hsiich-
ytian-liu BEER as the end of the Suan-fo-t‘ung-tsung LR, (Preface, 1592.)
From this it may be known that the book was published in 1078-1189. It
reads :

TEREERIAR, FIARLERAREE L . . . @ . BERE f5EE BhE

%, BIWERE, PREEE WRER eREE, BREEE EREE EFFEE

HEE, B, B BIRE BRE SuhEER, S5 aE
“Since Yiian-féng jr#, Shao-hsing #8, and Chun-hsi {#FE a number of men
have written. books, and those who have read or heard of them have written
also. 'The list reads: [-ku-kén-yiian Zi5iRIE, I-ku-suan-fo Z3f 8k, Chéng-ku-
suan-fo Tk Bk, Ming-ku-suan-fa BTWER, Pilen-ku-suan-fa BikE:, Ming-yian-
suan-fa, WIEEH:, Chin-ko-suan-fo &FIHEE, Chih-nan-suan-fa $eE5EE:, Ying-yung-
suan-fo  PEREYE, Ts‘ao-t‘ang-suan-fa ERrEw, Chia-hsien-chiu-chang HEHE,
T ‘ung-wei-chi 5EMWEE, T ‘ung-chi-chi H4E, Plan-chu-chi Wepds, Tsou-pan-chi E5E
4, San-yian-hua-ling-ko =0{LBIK, Ling-ching 8542, Ling-shih 57>

I have said that in multiplication, with a single place multiplies a calculative
simplification was invented and that in division, also with a single place divisor.

A calculative simplification inevitably came. This will be investigated here
more carefully.

Yanc Hui #}# in his Chiu-kuei-hsiang-shuo jiuji#Et (Detailed Discussion
of the Chiu-kuei Method of Ch‘éng-chu-t‘ung-pien-suan-pao e @ir%%) he
Middle Volume, (1274), says:

—PRERE, RRALERE, ER=EAEREE, W5IEERE, SAUE—NHA
i, DA =hn Mk, BTk
“In division, when a single place divisor, the Chiu-kuei 1% method may re-
place the Shang-ch‘u Fg§§& method, when a two or more place divisor, the Shang-
chii method will serve. Nowadays, with the first place, they use the Chiu-kuei
JLi method, but with the second and third they use the Shang-ch‘u Fgs: method.
This means two methods are applied on one problem.”

"The Chiu-kuei Jji method was invented as simplified calculative method for
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division with a single place divisor ; prior to this, in case of a divisor of two or
more places, the Shang-ch‘u pgf& method, the calculative method given in the
Sun-tzi-suan-ching FpF B was used ; but around Yance Hui’s time in the last
days of the Sung dynasty, the Chiu-kuei method was now extended to a divisor
of two or more places. This point is definitely proved.

Even after the extensive use of the Chiu-kuei method to a divisor of more
than two places, until the advent of the phrase Chung-kuei-huan-yitan &8
in the last part of the Sung period, the value of the Chiu-kuei method was that
of a mere simplifying method. The Shang-ch‘u P;ﬁ[%‘ method was the normal
method of division.

Yuan Hui’s Suan-fa 8% discusses in the Suan-fa-t‘ung-pien-pén-mo
HEEEAR, First Volume, Hsiang-ch'éng 483k and Shang-ch‘u @ in
Ch'éng-chu-t‘ung-pien-suan-pao JefR B EE, Middle Volume, Chia-fa fi#k, Chien-
fa ¥#s, Chiu-i-tai-chéng-ch‘u sk—f43Ek, and Chiv-kuei 7.8 and Suan-wu-
ting-fa Z#EE, in Fa-suan-chi-yung-pén-mo ﬁgﬁﬁyﬂ%jx% the Last Volume,
...... Application of the simplifying method.

In this case, chia-fa jin# (addition) and chien-fa Jg#: (subtraction) referred
to Shén-wai-chia-fa E’%m& (addition to outside itself) and Shén-wai-chien-fa
B4 (subtractive on from outside itself) which correspond to our present
Shéng-i-chéng-fa 26—3f#k and Shéng-i-chu-fa 45— while the Chiu-kuei was
learned after the Shang-chu pf or the Chien-fa (method of division).

Again, in the Fa-suan-ch‘i-yung-pén-mo EEEAASZ, Last Volume, this
passage occurs :

REFEEIEEEN, WRAA—ELR—E, FEMEAFIE, KR

B, AR - B B - BT, T5RERZ S
“One who calculates should follow the methods, and adoption depends upon
the kind of a questioﬁ. Should one desire to be versed in a method, he should
devise a question and conduct exhaustive calculations. They are mostly within
the spheres of multiplication and division. Modern people resort to chia j
(addition), chien g (subtraction), kueifg (chiu-kuei division), ché # (halving),
which are detours of calculations.””

In the Ting-i-hsiang-shuo E{rg¢sh, Chéng-chu-t‘ung-pien-suan-pao el HBstE
%, Middle Volume, a passage reads :

TUEREAREE, WATAE -4 - - 8- 8 - BEREL, EFHEEREA, B
AR ARG R, BEEXER, S EZRINH, SLRERAE, EHVEN, HMfE
Bk, DIERRTR
“There is no set rule to use a certain method in handing a problem. For each
yin [ (multiplication), ché (halving), chia jii (addition), chien J§ (subtraction),
kuei g% (division), and sun #g (loss) used, a proper position is fixed. For if
several methods used similar positions mutually and arbitrarily, there would
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be no ground for argumentation, and this would confuse the student.”” The
Ting-shuo-shu 72ZEflf is now established. If you first establish the position
which has been properly obtained by the regular methods of multiplication and
division. This refers to Hsiang-chéng #g3¢ and shang-ch‘u #%, and then use
the minor methods, there would arise no confusion.”

The Chiu-kuei method, in the former, is called a heretical method, while
in the latter, the Shang-ch‘u method is treated as the orthodox method and the
Chiu-kuei a minor method.

Even the Suan-hsiieh-ch‘i-méng #8522 (1299) which mentions the chiu-kuei
method alone as the only method of division says :—

BEES AR, BOSEEA, RBADULERZ, EIZEEM
“ A study of ancient books shows that most of them adopted the Shang-ch‘u me-
thod, but as it was difficult for beginners, this method was adopted as a sub-
stitute for it. 'Therefore, it is not an orthodox method.”

The situation is clear from this quotation.

4. The Chiu-kuei-ko-chiieh Jif5#ks: (division by the number of a figure accom-
panied by division rhymés) at the earliest stage

The earliest extant book that records the Chiu-kuei-ko-chiieh is fih-pung-
suan-fa B & (1262). This book is now lost sight of, but some exercises are
included in the Chu-chia-suan-fa SE5 Bk,

The Pa-kuei jUF (Division by 8) in division using division rhymes.

As for 680016 = 425— ‘ '

Explanation : There are five ways.

A third direction : Halve and divide by 8.

Five solutions are offered. As to the third, the following is given :

=H, FEREERS, RS mEARE AR RS —mE

R %

Diagram for quick reckoning

wo=m | lw=w | |we | [u=
3R ‘ R R s
% A®| |meTE| |amE |sm#mE
TE W= FrmZ= =% = =i 5
M {E fF R AL fir " X 4
A8 I - B
4 E
\ E
| B
680016 = (6—8299)—(125) therefore, 34008
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(I) Chien-san-hsia-liu R=TF75 (See-three-add-six- +3é-
dOWN) oot e ' 5

35

(2) Chi-pa-chéng-shih #2/ g+ (Remove-eight- — 8
make-ten-one-up) Chien-érh-hsia-ssit B —F/H +i8
(See-two-add-four-down) + 4

. 424

(3) Chien-ssii-tso-wu RJU{EE (See-four-make-five) — 4
+ 5

(4) ) 425

In this case, the Shang-ch‘u pg% method of the divisor 16 is not used, but
the Chiu-kuei-ko-chiieh Jui#E ek is used, (a half of 16 is used).

Yane Hui ##E in his Chéng-ch‘u‘u-t uug-pien-suan-pao Felridsp H5E, Middle

Volume, says :— ,
SNBSS, DB AFE=A0 AR
“ Nowadays, with the first place, they use the Kuei [ method, but with the
second and third they use the Shang-ch‘u g% method.” |

So it seems that, in division with a divisor of two or more places, the Chiu-
kuei-ko-chiieh method was not em-ployed. Probably because of the absence of
the rhymes for the Chfung-kuei f#i% method, the Huan-ytian g5 method,
division by the Chiu-kuei-ko-chiieh alone would have been too difficult. This
method will be described in the following.

The oldest full record of the Chiu-kuei-ko-chiieh Ji@sk is the Chiéng-chu-
t'ung-pien-suan-pao FER i EY, Middle Volume, (1274) by Yance Hui #¥E.
A passage in it says:

UGS, DR aEE, mEL
“The Chiu-kuei rhymes are ancient rhymes, newly annotated. Both forms
are preserved.” '

Kuei-shu-ch‘iu-ch‘éng-shih e+ (Divide-nﬁmber-makc-ten),

Chiu-kuei Jj—(division by 9) Yii-chiu-ch‘éng-shih 9
Bkt (Meet-nine-make-ten), (Note, 9+9, — B - 9)

Pa-kuei j\fi—(division by 8) Yi-pa-ching-shih A i}li
WA+ (Meet-eight-make-ten),

Chei-kuei Hf—(division by 7) Yi-ch'i-ch‘éng-shih 8-+ (Meet-seven-
make-ten), :

Liu-kuei Api—(division by 6) Yi-liu-ch‘éng-shih <+ (Meet-six-

make-ten), _
Wu-kuei Fff—(division by 5) Wu-kuei-ch‘éng-shih #F i+ (Meet-five-
make-ten),

Ssti-kuei [Off—(division by 4) Yi-sst-ch‘éng-shih #MUsk-+ (Meet-four-
make-ten),
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San-kuei Zp—(division by 3) Yii-san-ch‘éng-shih B=gk+ (Meet-three-
make-ten),
Brh-kuei —f—(division by 2) Yi-érh-ch'éng-shih B—pk} (Meet-two-
make-ten)
Kuei-ch‘u-tzii-shang-chia B g _Lin (Division—to—adding-itself)
Chiu-kuei Jiff—(division by 9) Chien-i-hsia-i §—TF— (See-one-add-one-
down),
Chien-érh-hsia-érh BF—F— (See-two-add-two-down),
Chien-san-hsia-san R=TF= (See-three-add-three-down),
Chien-sst-hsia-ssti 54Ty (See-four-add-four-down).
Pa-kuei jUf—(division by 8) Chien-i-hsia-érh B—F = (See-one-add-two-
down)
Chien-érh-hsia-ssu B TFpg (See-two-add—four-down)
Chien-san-hsia-liu R=TF7 (See-three-add-six- -down)
Chi-kuei i (division by 7) Chien-i-hsia-san §— ‘F (See-one-add-three-
down)
Chien-érh-hsia-liu R=F (See-two-add-six-down),
Chien-san-hsia-érh-chi-chiu RET+=gn (See-threc-below-twelve,
namely-add-nine-down) '

»

(Note: 307, (1) 3 (2) 3
R=ET+Z. R=ETH... .See-three-add-
T T :1_”2* — _55 mne-down
Bk ...Meet-Seven-
. 10 make-ten
- 42

4 is quotient and 2 is remainder.)
Liu-kuei ;5fF—(division by 6) Chien-i-hsia-ssit B—TF g (See-one-add-four-
down),
Chien-érh-hsia-shih-érh-chi-pa E_:F-l— BIJ\ (See-two-below- twelve,
k namely-add-eight-down)
Wu-kuei Fj—(division by 5) Chien-i-tso-érth H—fE— (See-one-make-
two),
Chien-érh-tso-ssit B =fEMH (See-two-make-four)
Ssti-kuei [U#E—(division by 4) Chien-i-hsia-shih-érh-chi-liu H— 'F+ BN
(See-one-below-twelve, namely-add-six-down)
San-kuei Zf—(division by 8) Chien-i-hsia-shih-érh-chi-ch4i F—TF-+=g]

+ (See-one-below-twelve, namely-add-seven-down) (Note, 45+-9,
Pan-érh-wei-wu-chi 4:1igHE (Halve and-make-five) 45
Chiu-kuei Jif—(division by 9) Chien-ssi-wu-tso-wu %EE_—F?
RMFIER (See-forty-five-make-five) — 5

Pa-kuei j\fj—(division by 8) Chien-ssi-tso-wu B 5 is quotient.)
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YEF (See-four-make-five)

Chi-kuei f—(division by 7) Chien-san-wu-tso-wu R=F g (See-thirty-
five-make-five)

Liu-kuei 7ff—(division by 6)  Chien-san-tso-wu FE={F (See-three-make-
five) :

Wu-kuei Fp—(division by 5) Chien-érh-wu-tso-wu RTF{ER (See-
twenty-five-make-five)

Ssti-kuei pug—(division by 4) Chien-érh-tso-wu R /7 (See-two-make-

five) :
San-kuei =jgi—(division by 3) Chien-i-wu-tso-wu R—F{EF (See-fifteen-
make-five)

Erh:kuei —gi—(division by 2) Chien-i-tso-wu R—{EF (See-one-make-
five) :

Ting-i-t‘ui-wu-ch‘a FEf7BEE (Fix-place-recede-no-difference)

The book does not describe the calculative method by means of the Chiu-

kuei-ko-chuéh JigEksk. In order to compute 648-+8 = 81, the following is

necessary.

: ~ Note
(1) The figures are put down :— )y T =T (N 648
2) ) —40

+5

. . N 5
(2) Chien-ssi-tso-wu  RJUfETR 3) =0 (3) 048
(See-four-make-five) : 4
(3) Chien-érh-hsia-ssiit R = "Fg T LT 288
(See-two-add-four-down) (4) 4 -8

+10
(4) Yii-pa-ch‘éng-shih B Uk ANOTT 808
(Meet-eight-make-ten) (5) 6 - lg

(5) Yii-pa-ch‘éng-shih 3%+ o 81

(Meet-eight-make-ten)
It would have been impossible to do this on an abacus.
Let us investigate the extent to which the Chiu-kuei-ko-chiieh JiiFHgk was

used in these days.

Out of the 300 questions in the Fa-suan-ch‘ii-yung-pén-mo BHERFAAR, Last

Volume, two may be cited.

As for 4968+54 = 92— :
Direction : With 54 as divisor, let liu-kuei A (division by 6) and chiu-

kuei Ff (division by 9) serve the purpose. If the calculation by liu-kuei is

troublesome, you may add 5 on the place and multiply it twice by means of
chiu-kuel JugF (division by 9).
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As for 49152+192 = 256—

Direction :  Generally, chien-érh 5~ (subtracting 2) and chien-liu J7%
(subtracting 6) are used; when chien-lin is used, what is halved may be
divided by pa-kuei fig%; and if pa-kuei Ui is found troublesome, it may
be replaced by chia-érh-wu ji=# (add-twenty-five), or by halving three times
and use of chia-érh-wu Hj—F. ,

As for the former question, namely, 4968 =54 is 496869, it says “If
liu-kuei Xji (division by 6) is found troublesome, try 4968x15+9-+9 ”, and as
for the latter 49152 -192, it says: Try 49152+12+16, and if division by 2 is
troublesome, halve and then divide it by 6,—namely, 49152+2<6+16; and
if division by 6 is troublesome, multiply it by 15 and divide it by 9,—namely,
49152+2x15+9+16 ; if division by 16 is troublesome, halve and divide it by
8—(a+16=a+2+8); and if division by 8 is troublesome, multify it by 125
(a-8: ax125) ; Otherwise, halve it 3 times instead of multiplying it 125 times
—(a+2-+2-+2) " and so forth. Thus it is shown that the method by Chiu-
kuei-ko-chiieh Figz#ks: (the chiu-kuei division-rhymes) was by no means a
simple way of calculation.

(Note. The passage says “ Multiply it by 15 and divide it by 9 instead of divid-
ingitby 6 ; and multiply it by 125 instead of dividing it by 8.” Nowadays,
it would be much simpler to divide by 6 or 8. However, at that time there
already existed the method later called Shén-wai-chia-fa B (Addmon
to outside itself) therefore, in multiplying by 15 was operated by omitting the
first dividor number and multiplying by 5, and in multipling by 125, this
was operated by omitting the first dividor number and multiplying by 25.
For this reason, it was a simpler method.)

As previously stated, Yane Hui #5218, remarking. ‘ JUEREHE, PIEALME,
fifF2 ” (The Chiu-kuei-hsin-kua are ancient rhymes, newly annotated. Both
forms are preserved.), introduces 32 chiu-kuei J % rhymes. This shows that, over
against YANG Hui’s new rhymes, ancient rhymes had existed prior to Yane Hui.

Now, let us investigate what kind of ancient rhymes had existed. Yanc

Hui himself, in the Suan-fa-t‘ung-pien-pén-mo %y B AR, First Volume, says :
BB, BRI, AURELARR, SEARBERARERD, WEEY,

FERHEZR, WaERAE—-ATRR
“'T'o master the Chiu-kuei 13 method, if you memorized 44 rhymes to learn the
method, it used to take 35 days. Nowadays, however, if you study carefully
the notes on the Chiu-kiei-t‘i-shu FLEEEM in the Hsiang-chieh-suan-fa 2EfREE,
if you know how to pay attention, one day would be enough to memorize the
rules of operating this method.”

So it would seem that thea ncient rhymes which had existed prior to the
new 32 rhyrmes numbered 44. A
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A rhyme, which might be regarded as one of the ancient division-rhymes,
not included in the Chiu-kuei-hsin-kua, occurs in one of the exercises repre-
sented in the Fa~suan-ch'i-yung-pén-mo PEEEFAAE, Last Volume.

As for 675,700+2330 = 290—Direction says: Chien-érh-hsia-liu-chia-
huan-érh B FoSimE— (See—two-édd-six-down«return—two) ; and Chien-liu-
hsia-érh-shih-ssii-chia-huan-pa-po RATFT = HE/\E (See-six-below-twenty-
four, return 800.)

6757+233 = (6757x3)+(233x3)

= 20271+699
= 20271+ (700—1)

In this way, here is applied a kind of calculation we term kuei-i-hun-yung-
chiu-fa BF—JBfKE.. Now, in this rhyme for Chfi-kuei 5 is used a rhyme
Chien-liu-hsia-érh-shih-sstt B FZI  (See-six-below-twenty-four). This is
not included in the above-mentioned Chiu-kuei-hsin-kua (New chiu-kuei rhymes).
From this example, the following 44-rhymes may be inferred as those ancient
division-rhymes which had existed prior to Yane Hui’s time.

Chiukuei % (division by 9):

Chien-i-hsia-wu H—TF— (See-one-add-one-down)

Chien-érh-hsiasérh B =F = (See-two-add-two-down)

Chien-san-hsia-san B=TF= (See-three-add-three-down)

Chien-ssii-hsia-ssit 5,/ Fpu (See-four-add-four-down)

Chien-wu-hsia-wu BHFE (See-five-add-five-down)

Chien-liu-hsia-liv BATFr (See-six-add-six-down)

Chien-ch‘i-hsia-ch‘i B-4TF- (See-seven-add-seven-down)

Chien-pa-hsia-pa BATFA (See-eight-add-eight-down)

Yii-chiu-ch‘éng-shih BJupk+ (Meet-nine-make-ten)

Pa-kuei /{5 (division by 8)

Chien-i-hgia-érh H—TF— (See-one-add-two-down)

Chien-érh-hsia-ssti B ="F (See-two-add-four-down)

Chien-san-hsia-liu BR=T7< (See-three-add-six-down)

. Chien-ssti-tso-wu RFA{EF (See-four-make-five)

Chien-wu-hsia-shih-érh BHEF+= (See—ﬁve-below-twelve)

Chien-liu-hsia-shih-ssti B TF-M (Sec-six-below-fourteen)

Chien-chi-hsia-shih-liu BTk (See-seven-below-sixteen)

Yit-pa-ch'éng-shih B/ g+ (Meet-eight-make-ten)

Chi-kuei 455 (division by 7)

Chien-i-hsia-san §—TF= (See-one-add-three-down)

Chien-érh-hsia-liu BT~ (See-two-add-six-down)

Chien-san-hsia-shih-éth R="TF+= (S'ee;three—below-twelve)

Chien-ssii-hsia-shih-wu BmMF~+F (See-four-below-fifteen)
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Chien-wu-hsia-érh-shih-i 8% F=~+— (See-five-below-twenty-one)
Chien-liu-hsia~erh-shih-sstt B35 F=-+H (See-six-below-twenty-four)
Yi-ch'i-ch'éng-shih Btk (Meet-seven-make-ten)

Liu-kuei 75 (division by 6)
Chien-i-hsia=ssii R—TM (See-one-add-four-down)
Chien-érh-hsia-shih-érh % —=F-+— (See-two-below-twelve)
Chien-san-tso-wu R _{EF (See-three-make-five)
Chien-ssii-hsia-érh-shih-ssit BT+ (See-four-below-twenty-four)
Chien-wu-hsia-san-shih-érth BHEFZ=+= (See-five-below-thirty-two)
Yi-liu-chéng-shih j475pk+ (Meet-six-make-ten)

Kuei-wu i (division by 5)
Chien-i-tso-érh F—{g— (See-one-make-two)
Chien-érh-tso-sstt B _{EIM (See-two-make-four)
Chien-san-tso-lin B=fF7% (See-three-make-six)
Chien-ssu-tso-pa S M{EA (See-four-make-eight)
Ssti-kuei Pt (division by 4) '
Chien-i-hsia-shih-érh B—TF+4— (See—one-below-twelve)
- Chien-érh-tso-wu B _fEF (See-two-make-five)
Chien-san-hsia-ssii-shih-éch B =F @4 (See-three-below-forty-two)
Yi-sst-tso-pa jBEE (Meet-four-make-eight)
San-kuei = (division by 3)
Chien-i-hsia-érh-shih-i f—TF -~ (Sec-one-below-twenty-one)
Chien-érh-hsia-ssii-shih-érh B2 FI-F= (See-two-below-forty-two)
Yii-san-ch‘éng-shih =gk (Meet-three-make-ten)

Erh-kuei =% (division by 2)
Chien-i-tso-wu B, —{EFL (See-one-make-five)
Yii-érh-tso-shih g+ (Meet-two-make-ten) _

Note 1. It is possible that Yii-chiu-ch‘éng-shih 81} (Meet-nine-make-
ten), Yii-pa-chéng-shih 38/ g+ (Meet-eight-make-ten), ...... Yii-érh-ch‘éng-
shih B+ (Meet-two-make-ten) were respectively recited Chi-chiu-
chéng-shih #Hpk+ (Remove-nine-make-ten-one-up), Chi-pa-chéng-shih
#2/\sk+ (Remove-eight-make:tén-one-up), and Chi-érh-chéng-shih......
e+ (Remove-two-make-ten-one-up). See the Fih-yung-suan-fa F Bk

Note 2. Heavier type indicates those not included in Yanc Hui’s New
Rhymes.

Note 3. - Those appearing in Yane Hui’s Hsin-kua 7%, but not included
in this list, are as follows :—

Chiu-kuei i (division by 9)
Chien-ssii-shih-wu-tsocwu BT L (S,ee-foi"ty-ﬁve-make-ﬁve)
Ch'i-kuei £ (division by 7)
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Chien-san-shih-wu-tso-wu B=T{ET (See-thirty-five-make-five)
Wu-kuei FfF (division by 5)

Chien-érh-shih-wu-tso-wu B _F{EF (See-twenty-five-make-five)

San-kuei =#% (division by 3)
Chien-i-shih-wu-tso-wu B—TEH (See-fifteen-make-five)
Note 4. The difference from Yanc Hui’s New Rhymes may be seen in
the use of the word chi g (Namely) in the following rhymes :—
Chfi-kuei % (division by 7)
Chien-san-hsia-shih-érh-chi-chin R=TF4f# (See-three-below-twelve,
namely-add-nine-down)
Liu-kuei 7<§F (division by 6)
Chien(érh-hsia-érh-chi-pa B =T+ g/ (See-two-below-twelve, namely
add-eight-down)
Ssti-kuei PUpE (division by 4)
Chien-i-hsia-shih-érh-chi-liu B—TF-+ZE[I75 (See-one-below-twelve, namely-
add-six-down)
San-kuei ZfF (division by 3)

Chien-i-hsia~érh-shih-i-chi-chi §—TF=-+—&1+ (See-one-below-twenty-

one, namely-add-seven-down)

It may be supposed that Y. ANG Hui, considering the 44 ancient rhymes too
difficult for memorizing, introduced the idea of supplementary numbers into
the Chiu-kuei-ko-chiieh FuifFksk, and therefore coined new. rhymes. For, in
his explanation of Sun-ch‘éng #85% method, he says this :—To multipy a number
by 3 will be equal to subtracting from the multiplicant x 10 the multiplicand X 7.

For example: 2x3— '

20 :
—14 . ...(2x7) is subtracted

6

In these cases all decimal fractions are ignored. Therefore, a more precise
statement would be “ to multiply the multiplicand by 10 and subtract from the
bottom place the multiplier X the supplementary number.) He says :
L EFBEE, SIEE, WERMRE, BTG, EREEZNE

“ Multiplication by 3 loses 7 ; and multiplication by 2 loses 8. From the lowest
place operation is started ; it is hsia-ch‘éng F3€. This is a reverse operation of
the Chiu-kuei Juf method.” He also says :

Biug, FLEE, aRERLARY, SENEEEE BN, MBI,

FERRAEZER, MaERE—-BRR
“'To master the Chiu-kuei J1 method, if you memorized 44 rhymes to learn the
method, it used to take 5x7 (35) days. Nowadays, however, if you study care-
fully the Notes on the Chiu-kuei-t‘i-shu JUEG in the Hsiang-chich-suan-fa 4%
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Hk, and you know how to pay attention, one day would be enough for memoriz-
ing the rules of operating this method.”

When Yanc says: *“The Chiu-kuei rhymes are ancient rhymes, newly
annotated. Both forms are preserved,” he is referring to such a fact as that ;
among the rhymes Chf-kuei +J, and Chien-san-hsia-shih-érh-chi-chiu =
T+ZEiL (See-three-below-twelve, namely-add-nine-down), Chien-san-hsia-
shih-éth R=TF+= (See-three-below-twelve) is an old rhyme, while Chien-
san-hsia-chiu R="FJ1 (See-three-add-nine-down) is a new one.

Such a rhyme from the Chiu-kuei-hsin-kua Fif#7E (The New Chiu-kuei
Rhymes) is not found in any later mathematical book where the old rhyme Ch‘i-
kuei 8 : Chien-san-hsia-shih-érh B=F— (See-three-below-twelve) is found
as Ch'i-san-gsi-shih-érh H=pg+4— (Seven-three-make-forty-two). Chien-san-
hsia-chiu R="F (See-three-add-nine-down) is 37, namely three-nine 39, also
Yi-chfi-ch‘éng-shih &b pk+, namely, make four-two 42 (4 is quotient and 2 is
remainder) (Note. The sixteen rhymes for §xH Efn (Division by adding
to itself) given by Yanc Hui may be so readily memorized. They will release
you from the trouble of memorizing Ch‘i-kuei 4% (division by 7) ; Chien-san-
hsia-shih-érh R="F+ (See-three-below-twelve), Liu-kuei ;Xfi (division by
6) : Chien-érh-hsia-shih-érh §="F+4—, Ssti-kuei puji (division by 4) : Chien-
i-hsia-shih-érth R—TF+= (See-one-below-twelve), and San-kuei =g (division
by three) : Chien-i-hsia-érh-shih-i FB—F=+— (See-one-below-twenty-one)
for all you have to do is to add supplementary numbers below,—that is, in Ch‘i-

>

kuei £ (division by 7), the multiplication rhyme for 3 the supplementary num-
ber of 7 and 3 in Chien-san B= (See-three) being 9, you simply add 9 below,
the multiplication rhyme for 4 the supplementary number of 6 and 2 in Chien-
érh 3= (See-two) being 8, you simply add 8 below ; the supplementary number
of 4 is 6, and i — (one) in Chien-i §— (See-one), namely 6 ; the supplementary
number of 3 is 7, and i — (one) in Chien-i F— (See-one) namely 7. While it
took you 35 days to memorize old reckoning rhymes, no wonder it would take
you only one day to do the new method.)

As previously stated, prior to Yane Hui’s time there existed no reckoning
rhymes for Chung-kuei-huan-yiian $&iEEE.
5. Division without the Ch‘ung-kuei-huan-yiian rhymes

As previously mentioned, the earliest Chiu-kuei-ko-chiich Jiggkse (Divi-
sion rhymes) did not include any Ch‘ung-kuei-huan-yitan rhyme. It is true,
Yane Hui Bl says :

SNDE-MRE, UEMBE=nHk, E—EE Tkl

““Nowadays, with the first place, they use the Chiu-kuei Ff% method, but with
the second and third they use the Shang-ch‘éng 5B method. This means that
two methods are applied on one problem.”
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The Hsiang-ming-suan-fa #£BAE# (1373) published a century after Yang
Hui #3#% jointly by Ax Chi-ch‘ #1175 and Ho Ping-tzi A7 describes this
method. It will be introduced in the following.

The book prints as k‘ou-shou Mg (dictated) the following passage :—
#iFE—AR, DHEESZ, BRERANARGAESERELESR, T RHER,
BIFIUEE, AE— R TFAEST, PR, E—EH AR

“ The Ch'ung-kuei &5 method is not similar to the Chi-i gg2—. Speaking from
the standpoint of the Wu-kuei T, the Chfung-kuei $&5 is this : Seeing 5 and
di'viding it by 5 and there is no number for division left ; Wu-ch‘u-tso 48 /EF, (If
no dividend, make 9) refers to this. Ifseeing 5 and dividing it by 5 Wu-ssti-pei-
tso-pa FPIfEE/ (Five-four-make-eight) refers to this and there is no number
for division left, subtract one and return five to the lower place. In dividing, if
the dividend is too small a number, raise one again, and return five ; by which
the number is divided.”

Toward the end of the explanation of the Kuei-ch‘u (division method),

it says : :
ME, SUMETTAERR, RUEILEM—H, WMLUTHEEN T, REHESEmEZ, X
EECEEE@E N, SRR, SR7mt%, RTERMELT, REERER
=, REERELE, REERELE, RAERELK, RLERELL RE
BRIESLN, RILERRIEILIL

“ However, when there is no dividend, subtract the amount already calculated,
put the original number on the lower place. Then study the amount and calculate.
By the way, the Ch‘ung-kuei $&}% method is only one of the varied methods, 1t
is indispensable. The details are listed below.

Chien-érh-wu-ch*u-tso-chiu-érh 7 —4Ek{E 1= (See-two-no-dividend-make-
nine-add-two-down)...... Chien-chiu-wu~ch‘u-tso-chiu-chiu B jLEEREANL (See-
nine-no-dividend-make-nine-add-nine-down).”

Only the Preface says :

REEVERE, MOEog, ENEEL -, BEEZ
¢ As the student first learns multiplication and division (of the single place), he
should learn by reciting. When he comes to the Chung-kuei $&% and Chi-i
#— methods, he would sometimes make errors.” .

For this reason, explanations of multiplication and division are made with-
out the Ch‘ung-kuei-huan-yitan 3§55 method.

As for 6589 +55 = 1198—

TN & (1) Féng-wu-chin-i-shih %FH#E Meet 5, and place 10 above,

(6 5809 —-+  (Meet-five-above-ten) the remainder is 1;
I-wu-ch*u-wu —FpFH From the number itself take
(One-five-take-five) 10, and return 5 to the place

below.
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(2) Féng-wu-chin-i-shih &7
(Meet-five-above-ten)
—hkRE

—F
I-wu-ch‘u-wu
(One-five-take-five)

Wu-ssti-pei-tso-pa  FJUfE{E
U (Five-four-make-eight)
Féng-wu-chin-i-shih %F
—+  (Meet-five-above-ten)
‘Wu-chiu-ch‘u-ssti-shih-wu

TR+

take-forty-five)

3)

(Five-nine-

| ==
(1"1 9 4 4)

Wu-ssii-pei-tso-pa  F JUfEE
J\  (Five-four-make-eight)
Wu-pa-ch‘u-ssii-shih  F /U
7+

(Five-eight-take-forty)

Meet 5 and place 10 above,
the remainder is 5.

From the number itself take
10, and return 5 to the place
below and the remainder is
4.

Change 4 the remainder and
make it 8.

Meet 5 and place 10 above
this, the remainder is 8.

As to the number itself, take
40 from it, and take 5 from
the lower place, the remainder
is 4.

Change 4 the remainder and
make it 8.

Take 40 from it.

All is exhausted.

(Note: Of the above illustrations of the block-calculation, those below (2)

have been added by this compiler according the explanations.

in the original.)
Explanation : 658955
Féng-wu—chih-i—shih T+ (Meét—
five-above-ten)

I-wu-ch*u-wu —FrF (One-five-take-five)

(2) Féng-wu-chin-i-shih %73+ (Meet-five-
above-ten)

I-wu-chu-wu —FJ&T (‘One-ﬁve-take-ﬁve)
Wu-ssti-pei-tso-pa FLfUfE{EN (Five-four-
make-eight)

Féng—wu—chin-i—shih EAHE—1 (Meet-five-
above-teh) '

(1)

3)

Wu-chiu-ch‘u-ssti-shih-wua  HARME+E
(Five-nine-take-forty-five)
Wu-ssti-pei-tso-pa L UfEZ/E/ (Five-four-
make-eight)

Wu-pa-ch‘u-ssii-shih  F_ /(&M
eight-take-forty)

(Five-

They are not given

6 589
-5
Iy +1 0
10
+5
5
1032809
-5
(2) +1 0
-1 0
+5
5
11439
—4
+8
(3) -5
+1 0
—4 5
119 4 4
—4
(4) +8
—4 0
119 8
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As to the above calculations, considering the calculation (1) and (2), and such
an instance as 99801--999, it may be clear that these division methods were for
block-calculation ; for they would have been too difficult for abacus operations.
(Note. Should the Ch‘ung-kuei #%# method be used here, the reckoning-rhymes
used for the above operations would be in the following order. Féng-wu-chin-i-
shih #F#—+ (Meet-five-above-ten), I-wu-ch‘v-wu —FFH (one-five-take
five) ;  Féng-wu-chin-i-shih %FE—+ (Meet-five-above-ten), I-wu-ch‘u-wu
—FB{A  (One-five-take-five) ;  Chien-wu-ch‘u-tso-chiu-wu BT ERELE
(See-five-no-dividend-make-ninety-five), Wu-chiu-ch‘u-ssit-shih-wu iR+
(Five-nine-take-forty-five) ;  Wu-ssi-pei-tso-pa  HUfE/E\  (Five-four-make-
eight), Wu-pa-ch‘u-ssti-shih F \jrpg-+ (Five-eight-take-forty).

6. Development of the Kuei-chu-fa & (Division Rhyme method)

The chiu-kuei jLg method evolved as a shortened method invented for
division with one place divisor, through Yanc Hui’s days in the latter part of the
Sung period, and by the Yiian period, it had established itself replacing the Shang-
ch‘u g% method, though not as an orthodox method, but as a common usual
method.

The Suan-hstieh-ch'i-méng EBPEEE (1299) by Cru Shih-chieh 4 contains
this passage. ‘

BhES R, BOBEEA, RBALULERZ, BIZEEM b
I am of the opinion that as for the old method, people mostly used the Shang-
chfu pgfgmethod. It is difficult for the beginner. Therefore, people now-a-days
replace it by the division-rhyme method. But it is not an orthodox method.”

In view of the fact that Cru Shih-chieh who calls this anu northodox method
fails to mention the Shang-ch‘u Bk except in connection with extraction, it is
probable that this new method had been considerably diffused by this time.

This book contains the Chiu-kuei-ko-chiieh j1 g8k (Division by one-figure
numbers accompanied by division-rhymes) resembling the modern, which will -
be described later on, but it like those books at Yanc Hui’s time, fails to give
the rhyme ‘‘ Ch‘ung-kuei-huan-yiian #2p5:8E . However, in view of the fact
that. the Chiu-kuei-ch‘u-fa-mén JBEREFS the First Volume, contains the
lines :

EERET R, (LEEREEN
“When the divisor and the dividend are equal, make 90 and odd. If you meet
with no dividend, recover the top number.” Most probably the method was in
use, though the precise phrase Ch‘ung-kuei-huan-ytian #2§#:8 /5 does not appear.

The reason why the Shang-ch‘u & method, replacing the Kuei-ch‘u g
method, came to be extensively used, in my view, was because the rhymes of the
Ch‘ung-kuei-huan-yiian &% method came to be used extensively.

The extensive practice of the Kuei-ch‘u % method may be known by
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another line of the above-cited poem which says: @it EEE (As it comes

down by tradition, the true history is not known).
Now, the Chiu-kuei-ko-chiieh JUifBksk represented in this book run like

this :—
I-kuei-ju-i-chin —fg4n—3 (Division by one, above-dividend)
Chien-i-chin-ch‘éng-shih H—jpk+ (See-one-above-make-ten)
Erh-i-tien-tso-wu ——¥&fEF (Two-one-attach-make-five)
Féng-érh-chin-i-shih % —jt—4 (Mect-one-above-ten)
San-i-san-shih-i =—=-+4-— (Three-one-make-thirty-one)
San-érh-liu-shih-érh = —35-4= (Three-one-make-sixty-two)
Féng-san-chin-ch‘éng-shih #&=3#igk+ (Meet-three-above-ten)
Ssti-i-érh-shih-érh pg—=-= (Four-one-make-twenty-two)
Ssii-érh-t‘ien-tso-wu P —#{{EH (Four-two-attach-make-five)
Ssii-san-chi-shih-érh J=-t-= (Four-three-make-seventy-two)
Féng-ssti-chin-ch‘éng-shih #&pU#sk1 (Meet-four-above-make-ten)
Wu-kuei-t‘ien-i-pei FEFH—F (Division by five, attach double)
Féng-wu-chin-ch‘éng-shih &g (Meet-five-above-ten)
Liu-i-hsia~chia-ssi 75— TFhnpg (Six—one-add-four-dowh)
Liu-érh-san-shih-érh ;X =-}= (Six-two-make-thirty-two)
Liu-san-t‘ien-tso-wu =IR{IEF (Six-three-attach-make-five)
Liu-ssti-liu-shih-ssti 7SPH75-0H (Six-four-make-sixty-four)
Liv-wu-pa-shih-érh XF = (Six-five-make-eighty-two)
Féng-liu-chin-ch‘éng-shih #Xipk+ (Meet-six-above-ten)
Chfi-i-hsia-chia-san —TF/1= (Seven-one-add-three-down)
Ch‘i-érh-hsia-chia-liu £=FHi/x (Seven-two-add-six-down)
Ch'i-san-ssi-shih-&rh -E=g4-== (Seven-three-make-forty-two)
Chi-ssii-wu-shih-wu EWHEFFH (Seven-four-make-fifty-five)
Ch‘i-wu-ch‘i-shih-i £F+— (Seven-five-make-seventy-one)
Ch‘i-liu-pa-shih-ssti -£75/ (- (Seven-six-make-eighty-four)
Féng-ch'i-chin-ch‘éng-shih #&-tjpk-+ (Meet-seven-above-ten)
Pa-i-hsia-chia-érh ;\—TF = (Eight-one-add-two-down)
Pa-érh-hsia-chia-ssi A =T (Eight-two-add-four-down)
Pa-san-hsia-chia-liu AZTHi5 (Eight-three-add-six-down)
Pa-ssi-t'ien-tso-wu A\JUiFEfEHR (Eight-four-attach-make-five)
Pa-wu-liu-shih-érh AFz A+ (Eight-five-make-sixty-two)
Pa-liu-ch‘i-shih-ssi j\;x-E+ (Bight-six-make-seventy-four)
Pa-chfi-pa-shih-liu ;\-/\4-75 (Eight-seven-make-eighty-six)
Féng-pa-chin-ch‘éng-shih #% /(g + (Meet-eight-above-ten)
Chiu-kuei-sui-shén-hsia JuEEES T (Division by nine, add-dividend-down)
Féng-chiu-chin-ch‘éng-shih #1355+ (Meet-nine-above-ten)
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The rhymes are 36 in all. The Wu-kuei F 7 and the Chiu-kuei J1, with some
omissions, are very short.
7. Advent of the Ch‘ung-kuei-huan-yiian EFHER rhymes.

= 21

The method of Ch‘ung-kuei-huan-yuan #p#8/E represented in the poem

in the Suan-hsiieh-ch‘i-méng BB 2% first appeared in the Ting-chii-suan-fa T 5 & 5

(1855). In the course of explaining problems, a line reading Ch‘ung-kuei-chiu-

shih-san &5 h+= occurs. The Suan-fa-ch' dian-néng-chi Bk 244 by CHra Téng

B (Cuia Tung Bi@ according to the Yung-lo-ta-tien KR M) admittedly pub-

‘lished soon after this, includes under the title Ch‘ung-kuei-fa #gp# are the
rhymes :— - '

oy =iy e (Division-by-tWo-make-ninety-two)

Erh-kuei-wei-chiu-shih-érh —
San-kuei-wei-chiu-shih-san  Zp@ma = (Division-by-three-make-ninety-
. three) :

Ssti-kuei-wei-chiu-shih-ssi PO L4 (Division-by-four-make-ninety-four)

Bh+# (Division-by-five-make-ninety-five)

Wu-kuei-wei-chiu-shih-wu 5
Liu-kuei-wei-chiu-shih-liu L5 (Division-by-six-make-ninety-six)
Ch‘i-kuei-wei-chiu-shih-chl -BEE4+ (Division-by-seven-make-ninety
seven) ' '
Pa-kuei-wei-chiu-shih-pa jUgEE 1471 (Division-by-eight-make-ninety-eight)
Chiu-kuei-wei-chiu-shih-chiu j‘LEﬁ?’)ijL—[—jL (Division-by-nine-make-ninety-
nine) _
As to the Huan-yilan 8§ method, however, we find only these lines :
R RERY, Tl
¢ If after division, no dividend is left, take one from the dividend, and add the
top number to the dividend).” No Huan-yiian ;2 rhymes are mentioned.
The Hsiang-ming-suan-fu 38E % (1373), considerably influenced by this
book, and expléining the difference between Ch‘ung-kuei #5/: and Ch'i- o,
gives the rhyme Ch‘i-i-huan-wu #—iE71, but with no complete explanation of it.
The first appearance of the whole rhymes of the Huan-yitan method was only
in the Chiu-chang-hsiang-chu-pi-lei-suan-fa-ta-ch*iian NEFREI B AS (1450) by
Wu Ching (Hsin-min) B4 ({£8).
“ Chfung-kuei-fa ##f5E: (Note, 250+-29 .
29 250
B+ (make 92) ... +72 Change 2 to 9; add 2 down
970 9%x9=8l. Cannot be subtracted
- from 70 ; therefore
#— (subtract 1) ......... -1 subtract 1, and

Ti&= (add 2 down)...... + 2 add 2 down
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BXG s — 72 8x9=72 is subtracted

8 is the quotient and 18 the remainder.

Erh-kuei—wei—Chiu—shih—érh 7y = R

[Wu-ch‘u-chien-i-hsia-huan-érh #ZER#E—TF# . (No-dividend-subtract-one,

add-return-two-down) ]

San-kuei-wei-chiu-shih-san =g +=

[Wu-ch‘u-chien»i—hsia»huan-san R — = (No-dividend-subtract-one,

add-return-three-down)] ' ‘

Ssti-kuei-wei-chiu-shih-sst JUEL--Pg

[Wu-ch‘u—chien-i-hsia-vhuan—ssﬁ I — T8 (No-dividend-subtract-one,

add-retﬁrn—four—down) ] '

Wu-kuei-wei-chiu-shih-wu FEERL+H ,

[Wu-chfu-chien-i-hsia-huan-wu #JR—Ti#HE (No-dividend-subtract-one,

add-return-five-down)

Liu-kuei-wei-chiu-shih-liu A<EE L~

[Wu-ch‘u-chien-i-hsia-huan-liu £ERJH—Ti#, (No-dividend-subtract-one,

add-return-six-down)]

Ch‘i-kuei-wei-chiu-shih-chi HpFE L+

[Wu-ch‘u-chien-i-hsia-huan-ch’i £ — Fi#+ (No-dividend-subtract-one,

add-return-seven-down)]

Pa-kuei-wei-chiu-shih-pa jUE L\

[VVu-ch‘u-chien-i—hsi:i—huan—pa ERT— T8/ (No-dividend-subtract-one,

add-return-eight-down) ]

Chiu-kuei-wei-chiu-shih-chiu JUEEL+H

[Wu-ch‘u-chien-i-hsia-huan-chiu E& 8 — Fi#JL (No-dividend-subtract-one,

add-return-nine-down)].”

This book, in a chapter on Ho-t‘u-shu-shu {ffHZ contains a sentence
to the effect that calculations may be conducted without using the abacus or
reckoning-blocks ; this shows that the abacus practice had been considerably
diffused by this time. Then the ZKu-chin-suan-hsich-pao-chien 24 EETEE
(preface, 1524) by Wane Wén-su EX%E includes the rhyme Chien-i-wu-ch‘u-
tso-chiu-i B —MER{ESL— (See-one-no-dividend-make-ninety-one), which had
never before been recorded ; this completed the Gh‘ung-kuei $&§% rhymes.

The fact that this book explains the Chung-chiu-hsiang-ch‘éng #1583k
(Note, 999 %999 etc.) by saying :

RIVER, AFELEBTL, RAME
¢ The Chung-chiu-hsiang-ch‘éng $#&JufE3 has a great deal to do with the beads.
The abacus has not enough beads. In multiplication inconvenience is felt.”
Though the book contains no illustrations of the abacus, it is evident that the
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book is one on abacus mathematics.

From the foregoing, it may be seen that with the coming of books on abacus
mathematics, beginning with thr Ku-chin-suan-hsiieh-pao-chien 4G54, if 1
cannot say whether the Hsiang-ming-suan-fa $:H3%%%: was a book on abacus-
mathematics or block-mathematics, the Chfung-kuei & rhymes on i-kuei —p
came and the Kuei-ch‘u method (Division method practised even to-day) came
to be roughly completed.

I have previously stated that, in the Chiu-chang-hsiang-chu-pi-lei-suan-fa-ta-
ch'tian JUEFFHAEEEAZ, the Huan- -ylian i#JR rhymes are introduced as a
supplement to the description of the Chung-kuei $4% rhymes. An independent
treatment of this apart from the Ch‘ung-kuei $#&% rhymes dates from the Shu-
hsiieh-tung-kuel 3B published in 1578 which was compiled by Ko Shang-
chien fi#§#%E. This, as an extant book containing an illustration of the abacus,
is precedéd only by the P‘an-chu-suan-fa #gk&s: (1573).

As to under what branches, division in those days was conducted, quotations
will be made from the Hsiang-ming-suan-fa S57E 5.

Chiu-kuei Juf (+LATBALSHM L, B MAMER, FREED)
(With numbers below tens, this method is used. Start calculation with the high-

est order. By means of one place multiplication, the number may be reduced
to the original.)

Ting-shén-ch'u F&Ek (BB, —F, —8, —F, —@E28, ([EEf—k
ELAERZ, TEEMKEEE, Fnkst) '
“This is the so-called chien method. Numbers like tens, hundreds, thousands,
tens of thousands, only with one- place numbers on the highest place, this method
may be operated. Operation may be started with the highest place. Using
the chia method may be reduced to the origiﬁal.”
Kuei-chu 5 (M EZEHFEL E, HAA ZZEAREAUE, BRI
T, BEENREERE, FERT)
(In dividing numbers such as 2, 3, 4, 5, 6, 7, 8, 9 of a smgle place on the highest
place, this method may be used. By means of the Chéng-fa Fg#: the numbers
may be reduced to the original.) They are classified into three classes :
Namely,— a. Those with one-place divisor Chiu-kuei 18
b.  Those with a divisor above two places with 1 as its initial num-
ber Ting-shéng-ch‘u F&&
c. 'Thosewith a divisor of more than 2 places but not with 2. Kuei-
chu g
In cases with a divisor with 1, what we call Shéng-i-ch‘u-fa #E—fr#: is used.  So
it is not necessary to use the Ch‘ung-kuei &% method of I-kuei —gz.
- Using reckoning-blocks in operating the Shéng-i-ch‘u-fa 45—k, from the
_very nature of a calculating instrument, may have been freer and the calculation
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simpler and quicker. .

It may be said that, the progress of calculating instrument from the reckon-
ing-blocks to the abacus and the advent of the Chung-kuei #&f% rhymes on I-
kuei —j%, between the last part of the 15th century and the beginning of the 16th
century, played a prominent part in the development of calculation when, as a
result of the perfection of the Kuei-ch‘u-ko-chiieh f#3ksk the division performed

by the reckoning-blocks was now superseded by that performed by the reckoning-
blocks.

8. Decline of the Shang-ch‘u 7§ method

That division in ancient times was the Shang-ch‘u method like that described
in the Sun-tzi-suan-ching FpFHEAFE ; and against this Shang-ch‘u method there
arose the Chiu-kuei i method as a shortened form in case the divisor is of one
place, and this method, after Yane Hui $2#% came to be extended and applied
to a divisor of more than two places ;

"That the Kuei-ch‘u f#§ method prior to the existence of the Ch¢ ung-kuei-
~ huan-yiian 2§85 method, had little raison d’étre as a method of division ;

That, therefore, in such times the Chiu-kuei #. method only had a raison
d’étre as a shortened form for division with a divisor of one place.

That, at the time of the Suan-hsieh-chéi-méng 'EBEAER, in spite of the fact
that the Kuei-ch‘u method was rejected as unorthodox method, as stated previous-
ly, the Kuei-ch‘u i method when combined with the Ch‘ung-kuei-huan-yiian

EBEEEE method, abruptly began to display its excellence as a worthy method
of division.

Now, what became of the Shang- ch‘u k% method branded as the orthodox
method by Cau Shih-chieh 5}':1&{5””

The Suan-hsiieh-ch‘i-méng B2z includes not as a method of d1v1s1on by
means of the Shang-ch‘u method, but only as a calculative method necessary for
extraction of roots.

The Suan ~fa-ch‘tian-néng-chi EikZ ka4 says :
HERB, HA/URERABILY, EFRILES—FETES, BRIAESF =
TULERZY, SER—EHEEEZS, SoREERE, RRAENSEBE, 278
LepsbR, DRREHE O, RIEBIE R, R RS,

“To compare these different methods: The Chiu-kuei 1 method only deals
with division for the numbers from 1 to 9.© The Ting-shén-ch‘u & & method
deals with division for numbers with divisors with 1 on the top place, such as
11-19, 101-199, 1001-1999. The Kuei-ch‘u [k method deals for numbers
with 2 more places divisors such as 21-99, 201-999, 2001-9999. Now, this
method, the Shang-ch‘u @& method combines all these three methods. But
if you wish speedy calculation, it is not equal to the three former methods. Lest
this method should confuse the student’s mind, it has not been described in the
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book. However, as this method might be utilized elsewhere, it is impossible
to ignore the method.”

Again, in the Hsiang-ming-suan-fa BEBER:, it is said :

PEBRETHREMBRL, LRI SRRk, EBRRALEL, HRFA
WoRERR, BORRIEERIE. '
“In the Shang-ch‘u méthod, division is done by consideration. This one method
also combines the three methods, namely, the Chiu-kuei Fj#, the Ting-shén-chu
EHE and the Kuei-ch®u k. If one is versed only in the Kuei-ch‘u #p&, one
need not learn this. Only in extracting squares; this Shang-ch®u #§ is absolutely
necessary.”

In this way, the Shang-ch‘u method came to exist only as a calculative me-
thod necessary only for extraction of roots. _

As the rise of mathematics among the common people in the Ming period
was primarily prompted by practical calculation, it needed no such high-class
calculation as extraction of roots, but learned and developed only what was
needed ; therefore the existence of the Shang-ch‘u method became more and
more faint. , ,

(Note : A word may beé necessary for the relationship between evolution and
' the Shang-ch‘u method. ‘ ‘

In the carliest period, the method of extraction of roots like the Shang-
chfu ‘method described in the Sun-izi-suan-ching 3%4E4%, consisted of the
way of putting the quotient (g) above the product (#.)

In later times, however, as described in the Hsiang-ming-suan-fa $EH7E
"« P%‘E%{%%Fﬁﬁ{ﬁ}% » which means the quotient () and tlie dividend (&)
are distributed to two positions with by outting the quotient to the left of
‘the dividend, the opération was shifted so as to favor the view that the
abacus appeared in order to supersede the &% (block-mathematics).

Furthermore, as represented in the Suan-fa-t‘ung-tsung BE¥E%isz, abacus
mathematics advanced so far as to solve multiplication, division, extraction
of roots, it becaime impossible to say that so fot as extraction of roots was
concerned, they had to avail themselves of the Shang-ch‘u méthiod. There-
fore, attention must be paid to the fact that the Shang-ch‘u method was not
always for extraction of roots.) '

9. Conclusion

The foregoing is a general survey, up to appfoximately the middle of the
Ming period, of division methods (the Shang-ch‘u-fa jgik%: and the Kueitch‘u-
fa B5B&#5) in China, and a history of the establishmerit of the Kuei-chu:fa.

A study of the group of those mathematical books would show a shift from
those on block-mathematics to those on the abacus ensuing the completion of the
Kuei-chu-ko-chiteh [##%k3k, which introduced an era of popularity for the
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abacus in the Ming period, and after this, it was thought that the Kuei-ch‘u-fa
f#BR#% was the only method of division for the abacus; and as the construction
of the abacus fitted the Kuei-ch‘u method so perfectly as if it had been constructed
for operating the Kuei-ch‘u method, the Kuei-ch‘u method and the abacus were
considered as related to each othér, and even in later times nobody ever doubted
their relationship. The idea of connecting the advent of the Kuei-ch‘u-ko-
chiieh BR%sk with the origin of the abacus would be proved to be entirely in-
adequate if we carefully investigated :—(a) the purpose for which the Kuei-chu-
ko-chiieh carne into being ; (b) how it was revised and improved ; (c) how it
served to heighten the value of mathematics; and (d) how it succeeded in ex-
pelling the Shang-ch‘u gk method.

Chapter IIT

The Theory that Holds that the Abacus was Introduced
to Replace Suan-mu %k (Reckoning-Blocks)

This is the theory that holds that in place of the wooden blocks used in suan-
mu HA calculation, the abacus with beads came to replace them, that the abacus
appeared to replace the suan-mu as a reckoning instrument.

The fact that the numerical expression of the reckoning-blocks contains
an idea of five and the abacus likewise the idea of five beads may lead one to favor
this view. However, the reckoning-blocks and the abacus are not the only cases
where the idea of five is made use of. The fact supplies no definite ground for
the argument. V '

Even if this view were taken as an adequate view, the fact that since the
Cho-kéng-lu Tk (1366) by T a0 Tsung-i (Nan-ts‘un) Mz (B9#4t) contains the
expression suan-p‘an-chu Z#%k and the common saying on ‘‘the three beads ”,
and the Ching-hsiu-hsin-shéng-wén-chi {iE 54 34 (1279) contains a poem on the
abacus, it may be considered that the practice of the abacus must have been
diffused considerably by these times, and therefore the date of the introduction
of the abacus must go further back.

However, even in those days, as has been discussed in Chapter II, the cal-

culations in multiplication and division were classified as folllows :

(Division) (Multiplication)
(1) H— fir Ju & SIS
(one-place multiplier, or  (Chiu-kuei-fa) (Yin-fa)

divisor)

) R b
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(more han one-place multiplier

or divisor)

a. % B 1 55 H Ak
when the top number (Shén-wai-chien-fa)  (Shén-wai-chia-fa)
is 1
b. % ' 2-9 B & EEEREE
when the top number (Kuei-ch‘u-fa) (Liu-t‘ou-~ch‘éng-fa)

is from 2 to 9.

In case the top number of the multiplier or divisor was 1, before the Kuei-
ch‘u-fa had not yet been adopted, it had to be operated by the Shén-wai-chien-fa
E5MBEE.  Under such circumstances, over against the block-reckoning which
was far easier in analysing numbers than the abacus which with five beads
fixed on the bar was much more restricted than the blocks,—especially when -the
abacus was to be a thing for the common people who more than anything depend-
ed upon practical mathematics, it would be quite questionable to hold that the
abacus was invented as a calculative instrument to serve as the substitute for the
reckoning-blocks, and that it was developed from the idea ofthe reckoning-
blocks.

Ghépter IV.

The Theory that Identifies the Advent of the Ptan-chu-chi
SRR and Tsou-pian-chi sEHEEE with that of
the Abacus

This view, on account of the appearance of the titles P‘an-chu-chi #5354 and
Tsou-p‘an-chi EREE mentioned among the Suan-hsiieh-yllan-liu EEJER
(Mathematical sources) at the end of the Suan-fa-t‘ung-tsung Epkirss Preface
1592, regardsthem as the oldest books on abacus calculation and incidentally as
the time of the advent of the abacus.

The Suan-hstieh-yiian-liv BENEF in the Suan-fa-t‘ung-tsung B will be
cited in the following.

Printed in the 7th year of Yian-féng 5T# of Sung (1084) Fij+= AR,

RAIFITMER: (reprinted at Teing-chou-hsiich-chiao T/H&#s.)
. Huang-ti-chiu-chang #7518, Chou-pi-suan-ching JBEERE, Wu-ching-suan-fa T
Wk,  Hai-tao-suan-ching ?ﬁi%ﬁﬁ', Sun-tzi-suan-fa FRF-EY:, Chang-ch'iu-chien-
suﬁn—fa R, Wu-ts‘ao-suan-fa F¥EERE, Chii-ku-suan-fa {8, Hsia-hou-
yang-suan-fa BEEEY, Suan-shu-shih-i BFHAE.

Since Ytan-féng r# (1078-1085), Shao-hsing .,ﬁiﬁﬁﬂ (1131-1162) and
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Chun-hsi £F8 (1178-1189), many editions were published. And those who had
seen or heard of them wrote books are, .

L-ku-kén-yiian g1, I-ku-suan-fa  Z58H:, Chéng-ku-suan-fa  g5EE,

Ming-ku-suan-fa B &k, Puen-ku-suan-fa P Eys, Ming-yiian-suan-fa BIjRE

1, G/zin-/c‘o-sudnfa SRFELE, Chih-nan-suan-fa EEEE, T ing-yung-suan-fa

TEREE, Ts‘ao-t'ang-suan-fa WHFEE, Chia-hsien-chiu-chang HENLE, T ung-

wei-chi TR, T ung-chi-chi SHEEE, Pian-chu-chi BEBREE, Tsou-p an-chi Apds,

San-yiian-hua-ling-ko =502, Ling-ching %%, Ling-shih 857

In the eras of Chia-ting %%, Hsien-ch‘un BE, and Té-yu 48, several

books were reprinted. ,

Hisiang-chieh-huang-ti-chiu-chang RS, Hsiang-c/zz'eh-jiﬁ-yung-sumz—fa ¥
FERREE, Chéng-ch'u-t‘ung-pien-pén-mo TR B AR, Hsz’i-ku—c/zai—c/z‘i-/z;idng-ming—
suan-fa {d G # H ik, —all these are found in Yane Hui’s Chai-ch'; %ﬁ;#ﬁﬁ%}

Hsiang-ming-suan-fa 3EH3E 8, C'/ziu-clzang-t‘ung-mingwuantfa NEFBHER:, Chik-
ming-suan-fa EEIELE, Chiu-chang-pi-lei-suan-fa FEH R, Suangsz'z‘e/z-t‘ung-yen
B BEAT, szz;u-c/zang-hsicmg-c/zu—suan:fa FERE:, Ch'i-méng-fa-ming-suan-fa kg
WA, Ma-chich-kai-chéng-suan-fa B EE, Chi-ku-suan-shu TREENG, Chéng-
ming-suan-fa TEWAEYE, Suan-li-ming-chieh HEWE, Chung-ming-suan-fa BHIE Y,
Ting-chéng-suan-fa &7 TE &k, Tsé-yiian-hai-ching VB Y58%, Hu-shih-hsien-shu IMFRELA,
Suan-lin-pa-ts‘ui EIHZE, I-hung-suan-fa —3gEE, 71 ung-chang-suan-fa JEEEIE,
Chiv-chang-hsiang-t ung-suan-fa J1, 5 8B 1. '

So it happens that the P‘an-chu-chi and the Ts‘ou-j)‘dn-clzi are mentioned
among the books reprinted since Yilan-féng 55, Shao-hsing #%H and Chun-hsi
=8, in different editions written by those who had seen or heard of them.

. Considering the expression ““seen or heard of ”, it is'not clear whether
Cru‘enc Ta-i A7, the author of the Suan-fa-t‘ung-tsung actually saw this book.

According to this, the P‘an-chu-chi and the Tsou-p‘an-chi, along with the Chik-
nan-suan-fa ¥ H % are found among the books printed since Yiian-feng, Shao-
hsing, and Ch‘un-hsi, and the Fik-yung-suan-fa HRISEE Chéng-chu-t‘ung=pien-pén-
mo FR@IFAR by Yanc Hui $5## is among the books reprinted during the eras
years of Chia-ting 3 (1208-1223), Hsien-ch‘un B (1265-1274) and Te-
yu fEifi (1275). . '

As stated in Section 11, judging from the evolution of the Kuei-chu-fa
f&#: as represented in the Chih-nan-suan-fa $8p5EE: or the Yang-hui-suan-fa #2
#EFYE it could not be imagined that, chronologically speaking, the Pan-chu-chi
or the Tsou-p‘an-chi, had adopted in its calculative operations multiplication and
division methods like the Kuei-chu-fa [ or Liu-t‘ou-ch‘éng-fa B5ESEHE: as
the abacus books of later times dated after the middle of the Ming period.

Simply because of the resemblance in the ideographs for the abacus or of
the possibility of aésociating it with the abacus, it could not be possible to deter-
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mine the date of the advent of the abacus. If inferred from this kind of theory,
relationships with the abacus might be established from,

L1 Shao-ku ZE§E2s :  Ch'iu-i-chih-chang-suan-shu-hsiian-yao K —IgZEM LI

Hsu Jén-mei #f=2%:  Ts‘éng-ch'éng-hsiian-i-suan-fa ¥k % —&H: (or Ts‘éng-

chéng-hsian-i-fa ¥k F—H) ‘

JiN Hung-chi fLaLgs: I--suan-fo-wén-la —fEHERIE Fa-suan-k‘ou-chiich

HE ek (or Suan-fu-k‘ou-chileh Bk OEE)
Wau-ts* ao-ch‘éng-chu-chien-i-chieh-li-suan-fa F &R R —ERIEIE
Chitu-i-suan-fa sk—Ek ‘
Chieh-fa-chitu-i-hua-ling-ko fREEFR—FEAR

Among the mathematical books included in the Sung-shih-i-wén-chih 5z gaEr
7, Chung-wén-tsung-mu 238 H in the Chung-kuo-suan-hsieh-shih = EEEE (p.
87ff.) by L1 Yen Z{ff and the Suan-fa-hsi-shuo FIEFFEE, Chiéng-ch'u-suan-li Je
BaE 4] included in the Pi-shu-&/zéng-hsu‘-pien—tao-ss;“)—ku-shu-mu .%gféﬁ%’ﬁﬁm EEE
officially compiled d‘uring Shao-hsing #Z8# (1131-1162) of the Sung dynasty.

If the Pfan-chu-chi and the Tsou-p‘an-chi had been abacus books, the calcula-
tive methods adopted by the books should have been the Chin-ch‘an-t‘o-ku-fa
&gy and the Erh-chii-shih-chiieh —== Mgk referred to in the following
chapter.

" Now that these two books have been lost sight of, it could only be supposed
that they were exactly like the Cho-kéng-lu $i5ks#% widely diffused, and the abacus
which was especially handy in calculations in addition and subtraction came to
be slowly but extensively diffused among the people at large. It would seem too
far-fetched a view to identify the advent of these books with that of the abacus.

Chapter V
"The Theory that Holds that the Abacus was

Introduced from Rome

In the Introductory, it has been pointed out that the extreme resemblance
in the construction of the abacus introduced in the Shu-shu-chi-i $§ffizti& with
the grooved Roman abacus and the economic and ideological significance which
supports them make us infer that the Chinese abacus came from Rome, or other-
wise it is in extremely intimate relations with the Roman. And as to the trade
conducted between China and Rome in those days; the present writer has treated
it in full detail in his Chiigoku Soroban Oboegaki Fr & 52 (Notes on the Chinese

Abacus), Keizai Shiishi 754875, published by the Nihon University, Department
of Economics.
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In the present section the issue will be explained from the standpoint of
calculation.

1. The origin of the modern abacus calculation method

Calculation by means of the reckoning-blocks practised in ancient China,
as described in Chapter II, began with that of multiplying and dividing the
dividend, divisor or multiplier, and quotient put down in three columns, the
top, the middle, and the bottom, which is described in the Sun-tzit-suan-ching B
%i#g. This was advanced toward simplification until every simplified method such
as Shén-wai-chia-fa & 4fnk, Shén-wai-chien-fa HIM8#%, Chiian-ch‘éng 183E,
and for division the Kuei-ch‘u ji#§ method and for multiplication the Liu-t‘ou
B3 method was adopted. All these changes were materialized by means of
reckoning-blocks. :

Now begmnmg with the ancient books included in the Suan- ching-shih-shu
Eit-2 and containing with the Yang-hui-suan-fa 338 &k, Suan-hsich-ch'i- -méng B
BAEKZE, Suan-fa-ch‘iian-néng-chi Bkt Ting-chii-suan-fa T 5 &k, Hsiang-ming-
suan-fa B ¥k, —all the groups of the reckoning-block books from ancient times,
through Sung, Yiian, and early Ming periods, our study will show all these changes
in calculation,

After the middle of the Ming period we notice the appearance of the groups
of abacus calculation books. Every one of them describe multiplication and divi-
sion by means of the reckoning-blocks—like their predecessors, expound the Kuei-

‘u-fa FEEEE, the Liu-t'ou- ch‘éng-fa ek, and every other sunphﬁed calcula-

tion.

Astoa sudden diffuse of the abacus after the middle part of the Ming period
several reasons might be offered. Speaking from the standpoint of calculation,
however, the ancient reckoning-block method of calculation by putting down
numbers in three columns; the top, the middle, and the bottom was so sim-
plified that calculation became possible by arranging side by side the dividend
and divisor or multiplier and so developed that calculation was smoothly conduct-
ed by use of a calculator named abacus, and that it became possible to shift the
Kuei-ch‘u @ method and the Liu-t‘ou 578§ method upon the abacus. The
instrument became diffused and its characteristics, its simplicity as an calculator,
and its absolute advantage as addition and subtraction calculator came to be
recognized. This certainly was a chief reason for its replacing the reckon-
ing-blocks during the middle part of the Ming period which emphasized practical
mathematics. : -

In other words, the abacus which had been used from ancient times, after
the middle part of the Ming period, suddenly became a favorite of the day when
the people learned thoroughly to assimilate the calculative method of the reckon-
ing-blocks and succeeded to shift it upon the abacus.
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(Note : This may be demonstrated by the Chiu-chang-hsiang-chu-pi-lei-suan-

fa-ta-chiian S EBEEL IR K2, and the Ku-chin-suan-hsiieh-pao-chien 458
2. Abacus calculation in the earliest stage

Success in shiftiﬁg the Kuei-ch‘u 5 method and the Liu-t‘ou #8¥g method
for calculating by means of the reckoning-blocks was the principal reason for
the popularity of the abacus, as already stated.

Now, prior to this time, how had the abacus been used for multiplication and
division? Now that most of the mathematical books from the Suan-ching-shih-
shu Big+2 to the Yang-hui-suan-fa ¥ % have been lost sight of the full details
could not be known. However, multiplication by means of the abacus prior
to the invention of the Kuei-ch‘u method and the Liu-t‘ou method is described
in the abacus calculation books written at the last part of the 16th century. It
was presumably conducted by primitive calculati\ze methods called Chin-ch‘an-
t‘o-ku-fa &= and Erh-chit-shih-chileh —/%gk.

Compafison of the above-mentioned mathematical books on the reckoning-
blocks, prior to the middle part of the Ming period, and the later abacus books,
‘with reference to various calculative methods, would show a difference—a
characteristic—. o

Such abacus books of the Ming period as the P‘an-chu-suan-fa #gkEk: (1573),
the Shu-hstieh-t‘ung-kuei EEH, (1578), and the Suan-fa-t‘ung-tsung BH:HiE
(with the Preface, 1592) which all carry illustrations of the abacus, in addition
to the Kuei-ch‘u method and the Liu-t‘ou method of multiplication and division
described in the reckoning-block books, describe the Chin-ch‘an-t‘o-ku-fa & B
g and the Frh-chii-shih-chileh —#)=gk which are supposed to represent the
most primitive method of multiplication and division by means of progressive
addition and subtraction. .

(Note : The ancient division method, namely the Shang-chu F§f& method is
quite briefly described only in the Suan-fa-tung-tsung Bk,

This primitive method of multiplication and division by means of progressive
addition and subtraction is not represented in the hooks on the reckoning-blocks.
It is found-in the Chiu-chang-hsiang-chu-pi-lei-suan-fa-ta-ch'tian JLEFT EHEE S
which makes the transition from the group of books on the block-mathematics
to the group of books on abacus mathematics, but not in the Ku-chin-suan-hsieh-
pao~chien w4 BBERE. »

As the Chin-ch‘an-t‘o-ku-fa & ﬁgﬁj]ﬁ,%ﬁ& and the Erh-chii-shih-chiieh —4)58k
thus become an issue, they may be introduced here. ‘

a. The Chin-ch‘an-ch‘éng-fa-i & iEge:zs (Explanation of Chin-ch‘an mul-
~ tiplication)

FRFREZY, BE—ERE XE—E&E ASBINEE—ET, 58—
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ARIENZ, BIAMEEIN, K—F B, SREE, DSSIUS s,

XNE—-EFE, BR84S, MmE—IRl, B2i—2A, RETaNRg

ek, BHERBEY, KEERWML, XS, UG, kb, REirh
“No multiplication rhyme is used. Only put down one original multiplicand
and only one doubled multiplicand. If you subtract 2, add to a doubled mul-
tiplicand. If you take off 1, you return the original multiplicand. And if you
move up 1, add it as in the original multiplicand.

If the price of one hu fi} of rice is 6 chien 4% and 4 fén 43, the rice is put

down as multiplicand %, and 6 ch‘ien and 4 fén as multiplier, and another double
multiplier is put down, and one liang i two ch'ien 4% and 8 fén 43 is obtained.
The rhyme for this says :—Ch¢i-i-chia-liu-ssti F#—pn7<m (Take-one-add-sixty-
four,) Ch‘i-érh-chia-i-érh-pa #2=h1—=/1 (Take-two-add-one-hundred-twenty-
eight). These two rhymes will replace the method of multiplication. - Now,
put the number below the quotient and multiplying the number successively,
add the numbers. When ju i1 (itself) is called, add to the place above one,
and shih + (ten) is called, add to the next highest place. Don’t iout it on the
number itself.”
Explanation 1. To multi‘ply a number by 64, put down as multipliers 64 and
2X64 =128, and for each 1 taken from the multiplicand, add 64 to the product
and for 2 taken from the multiplicand, add 128 to the product ; thus continue
operation in succession. .

Explanation 2. As for 7x64 = 448

" # ' %
multiplicand product multiplier
7 64 and 128
Take 2 and add 128 -2
128
35 ‘2
128
39 _2
128
Take 1 and add 64......... —1
' 64
0 | 448

b. The Chin-ch‘an-kuei-ch‘u-fa-i & MR ES (Explanation of the Chin-
ch‘an division)
ARERZE, BE—SRE UB—EPE, HE ERE RBE, HES
H—, FPEHE, AR E-NRERL, ERMEERL.
INERABIM S BA—H, BEEE, NSNS EE, LHE—E4E, BI85,
MmO, ERR=T, FULTAMREE, SRENEYR kEky, XE
o ETERINL, E—RTRAL R
¢ Neither the Chlu-kuel—chu JuiAl—the division rhymes nor the multiplication
rhymes are employed. Only an original divisor is put down with another in
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a halved divisor. You recite : “ Advance 2, and subtract twice as many. Add 1
and return 1 to the original” You say: when the position is 1 above itself,
and halving is equal to five of itself. As to advance 1 as in the original divisor,
is equal to subtracting it, and as the halved dividor is called ““ Subtracting it .

'To buy one hu f§} of rice with 6 chien 4% 4 fn 4y. The money is put down
as the quotient, with 64 f&n as the divisor. At the same time, a halved divisor,
32fen. You recite : “ For every one you advance, you take away 64 ; and for
every 5; you advance, you take away 32.” These two rhymes take the place
of the division rhymes. In all cases, the number is put before the dividend,
and . subtracted successively. Another rhyme says: °“In advancing 5, it is
desireable that one should advance 1 on the place above itself and not pile it on
itself.” '
As for 576+64 = 9—

For dividing 576 by 64, the divisors are put as 64 and 32 (a half) ; as you
subtract 64 from the dividend, you add 1 to the result, and as you further sub-

tract 32, you add 05 to the result; you may calculate the rest successively.

dividend divisors

Subtract 32 | g ; 6 64 and 32
Advance 5 5 -
Subtract 64 5 2 2 2
Advance 1 1 -,
Subtract 64 6 1 2 i
Advance 1 1 —9.
Subtract 64 7 1 é i
Advance 1 1 -
Subtract 64 8 | 5 4
Advance 1 L —6 4

9 0

The foregoing is from the Shu-hsiieh-t‘ung-kuei $fBLEHE].
c. The Brh-chii-shih-chiich :ﬁ]?ﬁ (Coupled reckoning rhymes).
HERIBAE, MMERREE, B—(fkt (RE—RE, MEErN E EREER
NEER—, W—AImREh, 8, BRAEETE—(0E, NSRS,
MBI RN
¢If there is a dividend, advance to the position skipping the one above it ; if no
dividend, advance to the place immediately above it ; divide on the place skip-
ping one place using the only original divisor, and with no number for halving
or doubling. But in multiplication, conduct it successively from the bottom num-
ber of the dividend.  In division, put 1 as the dividend on the position immediately
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above and divide the number of the original divisor skipping one place. Repeat
this operation. When the dividend is exhausted, you will have obtained the
answer.” '
Explanation 1. 'The idea is similar to that of the Chin-ch‘an-t‘o-ku-fa; only
neither halving nor doubling is used, but only progressivé subtraction by means
of the original divisor.

Explanation 2. 7X64 = 448 3205 = 64
. multiplicand Dividend
i ‘ g
K 7 Subtract 64 , 320
Subtract 1 -1 64 and add 1 +1 | —64
and add 64 6| 64 1] 256
., -1 64 » +1 | —64
128 21 192
» -1 64 » +1 1 —64
, 41192 3| 128
» —1| 64 » - 1| —64
; 3| 256 . 64
» ~1| 64 no +1 | —64
21320 5 0
» —1 1| 64 '
. 1| 384
oo —1 1| 64
0| 448

The abqve are from the Suan-fa-t‘ung-tsung E¥:Fsz. The division method
is represented in the Kaisanki 3g %20 (Printed in Japan, 1659).

When the books on abacus mathematics explain such excellent calculative
methods as the Kuei-ch‘u-fa [§k#: and the Liu-t‘ou—ch‘éng—fq BHUEfey: which
are borrowed from the books on block—mathematics, why should they mention
such primitive multiplication and division methods as the Chin-ch‘an-t‘o-ku-fa
& iRy and the Erh-chii-shih-chileh —/)=%3t which are operated by means
of progressive subtraction and are never mentioned in the books on block-
mathematics? It must be admitted before anything else that these calculative
methods could not be independent of the abacus. '

This must mean that, though the books on abacus mathematics of the Ming
period borrowed the Kuei-chu-fa and pgy: the Liu-tou-chéng-fa BEETER:
and adopted them as the multiplication and division methods for the abacus, they
had to include the primitive methods the Chin-ch‘an-t‘o-ku-fa and the Erh-chii-
shih-chitieh which had become so diffused among the people prior to the Ming
period.

Ko Shang-ch‘ien #0j#, under Fang-t‘ien-chang 55 H#E in his Shu-hsich-
tung-kuer BBLEE (1578) says
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SR SR, SAREAES—E, RS/ ER REEERARS—B, LA
“In place of dividing by 24, sometimes division by 4 and division by 6 are used
each once (4x6 = 24) ; sometimes division by 3 and division by 8 are used (3% 8
= 24) ; or sometimes multiplication by 5 and division by 6 each once ; or the
Chin-ch‘an-fa 48 is used.”

3. Relationship with the Roman abacus

It has been pointed out that from the fact that the books on abacus mathema-
tics published during the middle part of the Ming period, while borrowing the
Kuei-ch‘u method and the Liu-t‘ou-ch‘éng method which are the multiplication
and division methods of block-mathematics, mention apart from them the Chin-
chan-t‘o-ku-fa and the Erh-chii-shih-chiich, progressive addition and subtraction
were the very calculative methods which had been used for the abacus prior to
the Kuei-ch‘u and Liu-t‘ou-ch‘éng methods. In the present section, a few more
remarks will be made in this connection.

Accounts of the abacus in Chinese bibliography, as has been introduced in
the Introductory, occur in the Shu-shu-chi-i BaliEiE written by Hst Yo %1
(the last part of the 2nd century) of the last part of the Latter Han period, and

annotated by CuN Luan E## (the middle part of the 6th century) of the Northern
Chou.

The phrase chu-suan BEH occurs’in this ; and the Notes by Cufn Luan the
represents the prototype of the modern abacus.

For a long time after this, there was no record whatever of the abacus. In
the explanatory notes in the Suan-ching & by Hsien Ch‘ a~-wel FiEk of the
Sung’ period, the followmg words are given.

Chung (nnddle) FM#gz s (the centre of the abacus.)

The exact date of this book is not known, but probably of the Sung dynasty
(960-1279).

The Ching-hsii-hsien-shéng-wén-chi #5404 (Bk. 5) by Liv Yin #|H of
the Yiian period (1248-1293) contains a five-word quartrain on the abacus.
The book is said to have been written in 1279.

Then under the item Ching-chu $k in the Cho-kéng-lu 15545 (1279) there
occurs the account of the joke of *“the three beads.” :

After the middle part of the Ming period, the phrase abacus is found in the
following books on abacus mathematics.

"The Chiu-chang-hsiang-ch‘u-pi-lei-suan-fa-ta-chiian 1, E 2L A E K % (1450).

The Ku-chin-suan-hsiieh-pao-chien 4 %8554 (Preface, 1524) ; and the
mathematical books after the last part of the Ming peiod, beginning with the
Plan-chu-suan-fa BpRE % (1573), all carry the illustrations of the abacus.

Thus the accounts of the abacus are so extremely scarce, and for this pro-
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longed blank period, no bibliographical data whatever are found.

Let us now turn to the grooved Roman abacus which was almost contem-
poraneous and similar in construction with the abacus represented in the Shu-
shu-chi-i Jii§ERiE and that in a period during which the two countries traded
with each other. Let us compare the two abacuses from the standpoint of cal-
culation.

Concerning the Roman abacus, Florian Cajori: A History of Elementary
Mathematics, with hints on methods of teaching, revised and enlarged edition, New
York, 1917 (translated into Japanese and annotated by Dr. Kinnosuke Ocura
INE4&ZBh) remarks: ““In abacus calculation multiplication or division was
conducted by repeating addition or subtraction.”

René TATéN, the French scholar : * Histoire du calcul ”, (translated by Ken
Kosor /Mg, 1951) says to this effect. ““ The calculative theoty of the abacus
school is a product of studying the elementary Egyptian calculative operations,—
namely addition, subtraction, doubling, halving, multiplication and division.—
Addition and subtraction were operated on the abacus. In those days apis were
used, so that the number of the check cards had decreased.

Doubling is a simpled way of adding two equal numbers. This was begun
with the right end column. It must be remembered that to move the first col-
umn, the second column, etc. up to the left by one column meant multiplying by
10, by 100, etc......., ...... Multiplication amounted to doubling, multiplying by
10; multiplying by 100, etc.......and to conducting addition in succession.
These operations may be managed so easily by using the abacus.

For example, multiplying 423 by 47 will amount to conducting the fol-
lowing operations :

423X 7 = 423+ (423X 2) + (423 x2) x2 = 2,961

423 x40 = [(423x2) x2]x 10 = 16,920 )

423x47 = 423x404+423 X7 = 2,961+16,920 = 19,881

R i

The Roman Abacus
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The Abacus with mobile beads in the top and bottom compartments
described in the Shu-shu-chi-i as pictured by this writer

Division amounted to a repetition of subtraction operations, and extraction
of roots amounted to a repetition of analysis. operations.” Now, this method is
exactly similar to the Chin-ch‘an-t‘o-ku-fa &)t RssE of China already referred
to. 'Therefore, considering the following facts : 3

a. Resemblance in construction between the abacus described in the Shu-shu-
chi-t BffstiE and annotated by Cufn Luan B and the grooved Roman
abacus. (See the illustrations,)

b. Trade then carried on between, China and Rome ;

¢. Resemblance in operation between multiplication and division on the

Roman abacus and that of ancient China on the abacus ;

d. Existence of the traces of calculation by the system of reckoning by 5%,
for instance, in the Roman numerals :— _

(six)...... VI, 5+1; (seven)...... VII, (5+2); (eight)...... VIII, 5+3;
(four)...... IV, 5—1; _
the present writer is of the opinion that the Chinese abacus either was imported
from Rome, or is most closely connected with the Roman.
4. Inference of the hlstory of the abacus prlor the middle part of the Ming
period.

The abacus which is 1nferred to have been 1mported from Rome in the course
of the trade between the two countries, in the face of the feudal society, and in
the face of the highly de\ieIOPe& calculative art, The' block-reckoning which
was capable of calculating not only the simplest addmon, subtraction, multiplica-
tion, division, but also quadric, cubic, or even snnultaneous equations,—the
abacus, a low-grade calculative instrument which was capable of calculating the
multiplication and division operated by means of progressive addition and sub-
traction, deserved no notice on the part of the then rééei?efs';’

And probably this was the véfy reason why the common people more or
less lacking the knowledge of calculation; came to use the abacus as a calculator
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primarily for addition and subtraction, and secondarily for simpler multiplication
and division. For this reason, therefore, in China the abacus did not come up
into the foreground, but remained in obscurity. This accounts for the prolonged
blank periods.

With the development of economics, activities of the tradesman classes be-
came the more lively. 'The abacus which they had for long periods cherished as
a calculator among themselves, due to an accumulation of causes such as oppor-
tunities for the rise of practical mathematics the expansion of economic organiza-
tions, the advance of block-calculation, etc., succeeded in introducing the Kuei-
ch‘u method and the Liu-t‘ou-ch‘éng method of the reckoning-block mathematics
into its operations systematized the method of head-operation (rhymes for 5’s and
rhymes for 10’s which in the Chiu-chang-hsiang-chu-pi-lei-suan-fa-ta-chiian S Z2Esk
¥ A% are called Ch'i-wu-chiieh FFEk (Make-five-rhymes), P‘o-wu-chiich
WEEEE, (Ganceilﬁve-rhymes), Ch‘éng-shih-chiieh g2 (Make-ten-rhymes),
Pfo-shih-chiieh B3k (Cancel-ten-rhy_mes) and which are explained, after the
Pfan-chu-suan-fa $EEEY:, as Shang-fa bk (Addition method), and T‘ui-fa 3E#k
(Subtruction method) and also called “* chia-chien-chiu-chiu fgjLj. (addition
and subtraction rhymes), and, to assist understanding stpplied illustratins on cach
page, and further, abolishing the numerical notations adopted by the block-
mathematics books and the early abacus books, which read |, IS 10 1, 1,
T, 1, 1 il and adopting the system of numerals called An-ma f%E nurnerals
which read |, ||, lIl, >, 6, 1, 4, L. 4 or sometimes written 4 and there-
by popularized itself among the common people

Abacus caleulation became so simple and handy that block—calculauon could
not rival and as it reached a hlgh stagé at which most advanced multiplication
and division could be operated, the abacus, it would seem, suddenly began to
display its excellency as a calculating instrument, and with one bound established
its popularity as a favorite of the age. _

In spite of this fact, the tradesman classes unacquainted with the advanced
Kuei-ch‘a method or the Liu-t‘ou method still exercised multiplication and divi-
sion availing themselves of the old-fashioned Chin-ch‘an-t‘o-ku-fa & IBIEELEE
method or the Erh-chii-shih-chiich =4j==2k, the writers of the abacus books
had to include these methods as well in the course of describing the different
methods of calculation.
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Chapter VI

CONCLUSION

In the foregoing the present writer has investigated the several views as to the
advent of the abacus with special reference to the methods of calculation (espe-
cially, division) and has expressed my criticism on these views in thé respective
sections. Speaking from the standpoint of calcﬁlation, as has been previously
stated, I need not modify my view that the Chinese abacus was introdiiced from
Rome.

The Chinese Abacus

The Japanese Abacus (20th Century)



